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Mathematical physics - Il
B.Sc. (Hons.) Physics
Solved Paper — 2018

1. Attempt any five questions: (3x5 =15)

(a) Evaluate (—271’)%

(b) Locate and name the smgulantles in the finite z plane
of the function

; |
fla)=2ET 30

1 T : o
dz over a circle C in the positive

(¢) Evaluate §c %
sense. C is described by |z] = =

(d) Test the analyticity of the function. f(z) = z2

(e) Show that § (ax) = '—xl where §(x) is the Dirac Delta

function and a is a constant.

(f) If F(w) represents the Fourier transform of f(t), then
prove that the Fourier transform of f(t)cosat =

%[F(w—a)+F(w+a)].

(g) Evaluate the Laplace transform of f(t) = cos? 2t

(h) Determine the inverse Laplace transform of:

~2s
F(s) = {653 }
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SECTION A

Attempt any two questions from this Section.

2 (a) Given a function v(x,y) = e*siny. Find the
function u(x,y) such that f(z) =u+iv is analytic.
Express f(z) in terms of z.

(b) Prove that
1+ cos 72° + cos 144° + cos 216° + cos 288° =0
using complex analysis. (10,5)

3. (a) Expand f(z) = sinz in a Taylor series about z = &
and determine the region of convergence of this series. :
~ 3 & P L sin®z |
(b) Find the value of the integral $. :3)1 dz over a
= ;

circle C (in the positive sense) represented by |z| = 1 .
| | O E108)

4. Using the method of contour integration prove any two
of the following:

R A

(a) f°° dx nV2

(b) f21r cos 26 d9=%

0 5+4cos@

% co .
© fy Soy dx=Ze™ m >0 (73.73)
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SECTION B

Attempt any two questions from this Section.

5 (a) Prove that the Fourier transform of a Gaussian
. — N e
function (e™*") is also a Gaussian function.

(b) Solve the one dimensional wave equation

3%u(x,t) 21 3%ulx, )
0x?2  v?  9t2?

fort > 0, —o0 < x < oo,

u(x,0) = f(x); us(x,0) = 0; where u, = g—‘: and v is the

velocity of the wave. (5,10)

6 (a) Verify the convolution theorem ( Fourier transform)
for | BL T
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R g st
. : F o "- - e "-’.' . . > 4 5 - .
s L s tsint .
Q) 1leen that L1 { = 1)2} =——, determine
-1
{(sz...})z} » Where the symbol L~ represents the
inverse Laplace transform operator. (10, 5)

7. (a) A s.emi-infinite rod (x > 0) is initially at temperature
zero. A? tm.1e t =0, a constant temperature T,> 0 is applied
and maintained at the face x = 0. Using Laplace transform

f N
tl:c:) the temperature at any point of the rod at any later time

Given, L1 g = X
[ ( 5 ) erfc (2\/15)]

(b) Using Laplace transform, prove that

o

COs 6t — cos 4t 2
" dt = In—
_ 3

0
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O fuf e (—0F)

e
F= (33) (-1

i A"
=0 (%) 05

%

o\\

A | Ans F= 31

Ans 1(b)
In(2+30)

‘4 3

1 2~

—

_.3L .Q & bruach oinf owud .f.h 0 Knon—

|+ed gin lllﬂﬂldﬁ! Aleo Alate 2 =0 s a.
;‘;“ o]ﬁ m’glm Leoloded  8in WQMJ

Ans 1(c)
(c) 2 —-Z—H o 2.

2Z -8 =0 =) "52 4.3 a
2.9 L oulide \2)=
Fa . T =0

Ans 1(d)

role 0‘{_ Db’w\
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F(’L) = 29‘

(o3
2 = & x+1y
[ A

¥(7,) = (x*id) = X" fd’ +3ij
~ W4\
w=x=y" WV = axy
v = dx ¥ - ax
DR 8‘1

JSHE 1
.() U o =5 9:1 —()\gi S 9\1
C \‘ DX

U)=""22] @
Y ) X
B ) (W(‘J]!‘lr ;

9]
" Q)b A uneliow '
ﬁa’om M owd @ , (} }‘ (
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Ans 1(e)
) 8(ax)= ‘T"‘I’

-Multiplying both the sides by dx and integrating, we obtain
JS(a.\)dx = j| IS(x)dx
a

dy
Consider ax = y. Thus dx =, 7;
, . _ -
[ 8@ ax = [8(»)=
2 a

For a < 0 the integral remains unaltered because dy = ~dx/a and the
limits get interchanged so the net result remains unaffected and therefore

3 _ i
_[.S(ax)dx - miﬁ(y)d)e Tl

~ performing the same opcmtmn on the RHS of multiplying by dx and

i

integrating over x resulLs in -— j 8(x) dx - |_|
‘ a
|

Ans 1(f)

Solution. Using linearity and shifting property of
Fourier transform, we have

F{f(t) C()sat} == F{f(t)i—t)e_la’}

- 1F{f(r)e' “
+ F{ / -—l m}

F(ew —a) + iF(w + a)

[F{e» — a) + F(ew + a)].

I\JI—NI-—
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Ans 1(g)
(5) b = cos at
let ﬂm - gt

ot = .:(')..fc,os:)f—rl]

| (cos?t) = L [‘é(wng.;-l)] = §'{L(oos 260 L)
= 1 5 —v,.l-]

T 3| ey ¢

- & g%+ 9
] 5=

™

= L 8\ e ik

e emm—

2 | 8*+Y 3

Nows , ]?.ow f(t), By cmmda a}gm lbmrudj,

we houe | \ "
eostat) = (&) +7 . & Hdo
O 2 [ia 21"1 5 (s"**{a”)
2 [&)
- futh o=
Mj ) 5"+ %
cos* at) = _
L~< a(s +16)
—

Ans 1(h) : do it yourself

Ans 2(a)
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2)“' kald) - @*g'ma.

‘FOK Ma'il’”c, Jetmc}tdw ;

v - av el BY = -2
5% oY 2y %

¥, 0 cosd. = Y
2 %

-

= DV 2 e"cosd art .
X
W = e U?Sa
S 2 o= U v
= it OOSJ +Le Sm\&
(cosJ+ lsma')
L X’!‘l z
Ans 2(b): Solve it yourself.

Ans 3(a):
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3 0) F(y) = 7)?”7-— f{'\‘f) =
;'(2) = (0SZ . {_(*n” &

P12 = —sinz foary = L
(144

} (2= - sz F"(ﬂ) = -l

£ L Teglox 5 besdes iy giuun by
J o) + '(a)(z»g + SZa) (z—-af,,. F"('c\)('z--f‘.)S
f(z) 8 ik F 2 F g1 =
o B 4—{!(61)(7.-:\)“
ni

2.
po = L g o) a3 e Pl

*
il T TR
B M

w

Johiclo s Tt ')u/'wt!ud. Tmslo.ys 2008

STE S L

3
Al 2-m L
3L "\3)

£

Ans 3(b)
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= ' g" %
(B) I : é._‘_'lf__,&dz-
\
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2
_ o  osden=3
G
Resid ' o (z-xy st
esidue A fo'e = —  Ta ot
1(2 1(1:‘) 2o (3D dz (2 _'grs_>
é : 7
T
Q | da' (8'“ 7‘) 2—
= W o 7
zom 2 4z
g
m 2 C0SZ
= fuw el [Q,&m ‘]

| [ 6 (6) #in'z cos2 + bsin°z (— sinz)J
9
:“'
223

an'z codz — & s'm‘z:]
; 0 S} - .
= I 5[3
g

. ' Y A in‘z)

i 5l (30 Biry, =ealkin
= o ’(Z
2 G G5 g E — 1H20R

227
6

\

IS(J;)q - 'g(fj R
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- () o= Y = B

o T = g‘ﬂ'l(m‘dM>

o
¢ o
& |rL
L 911'1, xal = _?,,.__
& &
=
Ans 4(a) :
: I
Consider jf f(z)a& . whete fiz) = "
z'4]
taken around the closed contour consisting of real axis and upper half C.. i.e. |2 |=R.
Poles of f(z) are given by
HAil=0iezt=-1= (COS T+i sin )
o3 2= [cos (2n+1)m+isin(2n+1)T]
;
z =[cos (2n+ 1) m+isin (2n+1)n]? =[cus[2n+1]f +:‘siu(2;z+1]ﬂ
If 0 z (L{}RE-O-fS‘lnn] [ !
n=A. Z) =] cos— e =
. 4 4 ..jz
I 37
n=1. zx=|ecos—+ism— |=|-—
% 4 s \
2 Zs = | COS I+IS]H5E\_I(
nH=2. 4= - =
L 4 4 ) k
3 CDSTE+fSiﬂ?E\ f X
=10 4= — o b=
: \ 4 4 ) k‘E ¥

There are four poles. but only two poles at z, and z, lie within the contour.
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| & —'E_l___ [ T
Residue at z =4 |7 _(:4+]] T 4 3 = %Y - 2%
e i r=¢g i :

I
R 1 | 1 1
Residue |atz=e 4 |=| ——— =— = —=—
d 4 [4z7]._3im Am i
—(z7 +1) Ehe g P y
dz :=€T 4 4 e 4 4e
1 -2 1 9t 9m) 1(1 1
~ A =—leos— —isin — |=—| = —i—+
4 4 4 4 ) 4|2 2

J‘C f(z)dz =2m®i (sum of residues at poles within c)

R ,
j fz)dz +J f(z)d& =27i (sum of the residues)
-R i

1 1
dx + dz =2mi f the resid
_[_R A Cx PAa i (sum of the residues)
E 1
| et e | e 2
Now., ‘J‘cﬂ z"'-r—ld“‘_jfﬁ }z"'+]| |dz|
<j ]—|dz| [Since z =Ré'®, |dz| = |Re"®id 6] =Rd 0]
% (z*]-1) |
1 R
<[ ——RdO<—— ["d0
0 g% R*-1 %0
Rm n/ R’
o = which — 0
R'=1 1=/ #

as B — o0,
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dx =2mi (Sum of the residues within contour)

x +1
As R—ee
I I i . ——
Hence. J ] dx =27i (Sum of the residues within contour) (1)
x4
= | 1 1 11 A 1
Y ] [ (PO S PR (MR
Jl"";vr‘i‘+] [4[& -\.@“] 4(& -\E]]
T | . | 3 | 1 i o by
=—i|l——=—i=t—=—i— =] -i—= |=—
2 L V2 2 2 2) 2| 2) V2
T
Hence. the given integral = ﬁ Ans.

Ans 4(b):
|-21n: cos 20

e L
‘0 S+4cos0

Let I =

2n cos20 + isin 26

= Real part of j ey
cos

2ig
e

2%
= Real part of ju 542 (1)

2 =
= Real part of Cﬁc — T —:
542 z+—) &

z

z dz
= Real part of¢ ————
C §5ay95% ya §
2

~ . =k

[

= Real part c:-fi —sz:
45z

—fEz"

= Real part of ¢)E

—
€ (2z+1)(z+2)

a0

do

Efﬂ=z
= ie®d0=d:
—5.d0 = “'; _ &

ie' iz

[C is the wait citele |z | =1]

R

=
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Poles are determined by putting denominator equal to zero.

(2z+1) (z+2) =0 = =z =—21,— 2

1
The only simple pole at z= =y 15 inside the contour
1 1 = il —iz’
Residueat |z=——|=lm |z+—=|f(z2)= lm |z+— u
esidue a [ 2) :_}_%[ 2}” ) :_}_% [ 2] 2211 (z+2)

A s

:
o
iz’ _ 2 -

e 2z+2) 1 12
Y (=52 2(——+2]
A, £

By Cauchy’s Integral Theorem
[r f(2)dz =2®i (Sum of the residues within C)

— g L E. which is real
12

6

erc cos 26 .x
0 5+4cosh 6
o3 o0
dx = a?&_dz_
<Y -\ X'+
o
— D . 3
“roax = _| .l’l> A i
[t 7E) T "
?

Ans 4(c) :
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Consider the i-ntﬂgral L_. flz)dz . where

imiz
[
2

flz)= 7 taken round the closed contour ¢ consisting of the upper half of a large circle
=+

|Z|=R_:I.Ildﬂ:le real axis from — R to R.

Poles of f (2) are given by
Sy A g el —iy Cn
The only pole which lies within the contour 15 at z = 1.

The residue of flz) at z =1

T e T G =R o +R
= lim— =lim——=—
=i (z7+1) —iz+f 2

Hence by Cauchy’s residue theorem, we have
L.f (z) dz = 2TWi X sum of the residues

'Efn Iz e —mi » 1“__?r'rlu iy %
= L, —— gz = 2T X — = _[_R ——dx=me""
7= +1 2  +1
Equating real parts. we have
= COS Y v %0 008 MY e "
f ——dv=me™ = ——dv = Ans.
a0 x" =41 LS | 2

Ans 5a)
The Fourier transform of a Gaussian function flx)= e-tuz is given by

ﬁ [e—a.le(k)=f e—a,x" e—!mfu dx

00

=J“e“‘”‘2 [cos Qmkx)—isin(Qrkx)]dx

=j“e"”‘2 cos (ZJrkx)dx—z"rve“"‘2 sin(2mkx)dx.

The second integrand is odd, so integration over a symmetrical range gives 0. The
value of the first integral is given by Abramowitz and Stegun , so

7 [ == ¥,

a

so a Gaussian transforms to another Gaussian.

Ans 5b)
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The one-dimensional wave equation is given by

In order to specify a wave, the equation is subject to boundary conditions

Y ©0,0=0
¥ (L, 0)=0,

and initial conditions
2 ;f (x,0)=f (x)
— (x,0) =g (x).
dr
d'Alembert devised his solution in 1746, and Euler subsequently expanded the method in 1748. Let

E=x-vt
nEx+vr.

By the chain rule,

62¢=6“’w+2 ;Y +52¢,
Ix: 9 0Edn  an?
1_6%//:02«0_2 Py +azw
v g e dEdom gt

The wave equation then becomes

Py
T ik

Any solution of this equation is of the form

bEM=fM+g@=Ffx+v+gk-vi),

Where f and g are any functions, They represent two waveforms traveling in opposite directions, f in the negative x
direction and g in the positive x direction.
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Ans 6a) do it yourself

Ans 6b)
Solution. Wc know that
- i
= — | =—smar
L 7 a
Hence by convolution theorem
: 1 1 il 1
L — R TIE I sinax —sinalf — x) dx
(87 a7 ) (&7 +a) U 4]
. [ 1
= ], jrr ilcosiﬂx—mﬂm—mstmr+m —ax)] e asindsin B = 2[005 [.-‘I-ﬂj-DﬂS{;—!—iﬁjl}
7 ™ {
1 ¢t Lefd Nl T
= —,.I- |cos (2ax —at) —cosat|dx = ——| ——sin (2ax —at) — x cos at
Ag=40 2a- | 2a 1a
| S 1 5 ] I S
= ——|—sin (2af —af)—t co5 af ——sin (—af) | = ——| —sin af —f Cos ai + — sin af
2a° | 2a 2a 1 2a° | 2a 2a
1 I
- sim el —fcosal | = - |.‘-i|t| af — el Cos m"] ﬁ-n!‘i-
2a° | 2a J da
Where a=1.
Ans 7a)

For a semi infinite bar, x > 0, we consider the 1-d form
of the heat diffusion equation. Let u(x, r) represent the temperature at a
distance x from one e:ndl olilthe barr at ti|:ﬂ¢ t. The boundary condition is
that #(0. 1) = g and the initial condition 1s w(x, 0) = 0.

As it is a semi infinite bar, we solve this problem using Laplace
wransform (x > 0). For

an infinite bar, we employ Fourier transform.

k
Let — =q, the therm

5 al diffusivity. We consider the Laplace transform

on both the sides of the heat diffusion cquation

o ulx, ) du(x, 1)
Cla~—"0501 _ p]oux. 1)
{a 5. } E{ 5 }or

o

of

0 X

Fu(v, 1) '
¢ dt = sU(x, ) - u(x, 0) with U(x, ) as the Laplace transform
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ol u(x, 1).
‘ '}!\c LHS integration is with respect to ¢ while the double differentiation
is with respect to x. g

azuix 1) a7
o —.—1‘_ e—"" dt = o — X 5t
{\ ox* ax? ;[ “nge d

« E)ZU(.:'. s)
ax”
Using the initial condition z(x, 0) = 0, we obtain
o LU, )
dx”

Ulx, §) = Ae™ + Be™ with 4 and B as constants to be evaluated.
u(x, 1) = 0 as x — <= as for the boundedness of the temperature. Thus,
Ulx, s) = 0 as x — e which implies that 4 = 0.

.
= sU(x, 5), let == p?
) oy

" : N T
Since u(0, 1) = u, therefore U(0, 5) = L{u,} = Tﬂ with #, as the constant
t¢mperature at x = 0. g
u
g

\)

g TN A e
and the complete solution is U(x, 5) = =27 = =0 omvie/
s s

The solution u(x, 7) is the Laplace inverse of Ulx, s). .

% -l o tosaer] =

* erf is error function

Ans 7b)

o

HE) s I cos bt — cosMt 4t
5
i)

/C (coc 6t - €ostit) = Lleoset)— Lo syt)

A\
N
\
W

[=4
= - S d
L(ﬂﬂsi{' cosht) -Ef(. e ) S

8+ shE
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= 1 &!’J e
2-
_ o — 1L b 5L*"a!‘)
2 ‘j(si—t-b"
\
s wJ(s%b“B
1 gl—(‘—-d%

po
o‘a j s gt—'wgq‘t =
e ity VR
‘t

V&H;“a ¢ =0

[ |o(7('_"6.

\
=3
w\w
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