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Attempt any four questions.
All questions carry equal marks.

Q. 1. Using method of separation of variables, solve 2-D equation
8%u o*u 16u 1 0*u
P 67+ or +r_2ﬁ subjected to the conditions.

u(a, 0,1 =0,

u(r,0,0)=0and

ou
ot ), " g, 0)

Ans. Check similar questions for its:solution. Q. 2. (Page 54) and Q. 5. (Page 56)

. . . . ov 20%0
Q. 2. (a) Using one dimensional heat equation i h 6_2’ find the
X
temperature V (x, ) in a'bar of length which is perfectly insulated and whose
ends are kept at temperature zero and the initial temperature is

L
f(x)=xwhen0<x< —

L
=L -xwhen 2 <x<L
Ans. Heat flow in: 1D

ov 2 o)
a- e (1)
Use separation of variable method

V(x, t)y= X(x) T(t) ~(2)
put (2) in (1) and divide by XT



= _7\12

= _}\‘thdt

Integrating
log T= —A°h’t + const
T = Ae—2h2t

10%x
ot
62_x+ Ax =0
ox*
X=BsinAx+Ccoshx
V(x, t)= XT
V (xt) = [AB singix + AC cos Ax]e 2
= [D sin Ax + E cos Ax]e 22
Atx=0,V=0=E=0
V. (x, ) = D sin Axe—7¥2
Atx=L,V=0=D (§in AL)e "2 =0

= AL= nn
e %
L

General Solution is

120252
V)= X (Dn Sin%je 12

n=1

To find Dn we have
V(x, t)=fix)att=0

so fix)= XD, sin % 0



L3 LU JA)= 4 UL A £ L

2

= L—xéLxAL
2

The requires the expansion of u in fourier series in the interval x =0 and x =

L
and from x = > tox=L.

2 L2

nnx
=— [ xsin— L—x sm—dx
Dn=p [ x0Ty LLJ/Z( K
L/2 L
nm nmx nmx . NmX
2 _COST sin—— —CoS=— | sin——
—|x + 5 +—| (L—%) — 5
Dn=L nr [nnj L nm (mcj
L T L
L 0 L L/2
solving, we get
7 0+ L 2sir1ﬂ
Dn="p nn
b 2L nn
"7 2

Dn= 0if n=even

e
T Pt tn=oddor 2 (Zn—l)2
oL = (—1 2n—1) —(@2n— 1%2n2n2t
V(x,t)——zZ sin X e L

1(2n—1)° L

(b) Show that [*x™" (a — x)"~1dx = a"*"~1 B(m, n)
Ans. See Back Q. 2. Page 47

N



r(m)r(n)

r(m+n)

Ans. See Back Q. 4. Page 40
Q.3.Given f(x) =xfor0<x<2

(a) Find the Fourier cosine series of the function in half range.

BGn, n)=

Ans. Half range cosine series for f(x) is given by,

flx)= 4+ ;Z; a, cos (%) (1)

12
a,= E(f)f(x)dx

|
=20xX=2 7| =1

22 nnx
= —[ f(x)cos——dx
= 5] f@cos =

2
xsin (W] —CcoSnmx
2
-
un = nr 7’12752
2 4
4 -1
- (—1)"
4= 22 [ ]

fromeq. (1)

4 2| (=1 =1 X
flx) = I+— % {—2}005%

T~ n=1 n



Ans.

4 o 1
(c) Using Parseval's identity deduce that 191_6 = %E
Ans. Fourier cosine series function in part (a)
4 2| (=1)"—1 nnx
1= 3 | LT cos——
e e
1+— -2 sn——ico 3mx
X= 2| 2 2 32 2
811 x| 1 3nx
= 1——| =cos|— |[+—cos| — |+...
bl 2) 3 2
By Parseval's Identity
1z 2 2 1o
([ f0)]dx = a2 +=3a, (1)
29 2
Now,
2 2
j[f(x)]z dx = [x%dx = 8
0 0 3
Fromegq. (1)

1(8 12 16 . P
E[EJ =1+Ezﬂ[(_1) —1J

n=1X"T



i, 2{;;; }
3 qtl1t 3t 5t
1 321 1
_=——4+—4+—4+
3 w1 3 5
4 o 1
“_=2—4
96 n=ln

Q. 4. (a) Find the complex form of the Fourier series of f(x)=exp (—x) for —1

<x<1.

Ans. For a complex form of fourier series. The periodiefunction can be written

in this way

_c0+2ce +Z —mnx
n=1 l n=1 I
Where
610 11 21
== x)dx
0= = /W
z‘ f(X)e

1 inmx

_ 21 1

c == x)e'! dx
L=y

In this way, the solution for exp (—x) will be

i (=D)"(A—inm) .
n=—o0 1+n°p

S h 1 elm‘[X

(b) Show that
@ (¢ —=1DP' (x)=n(XP, (x) — P, _ (x))
Ans. P'—xP’ _ =nP
xPn" — P'n—1= nPn ...(2) [Recurrence Formula II]

...(1) [Recurrence Formula III]

Multiplying (2) by x and subtracting from (1), we get
(1 —=x)P ' '=nP, _, —xP) Proved.
(i * T (A= — 11 T ()N ++T (v

n—1



(x?

(=1 x)\
Ans. We have | = Omﬁ—J

Differentiating w.r.t. 'x' we get | ' =

=0 r (n+7+1) 2

§(—1)r(—”+2r)[zjmr ¢ U [(2n+2r)_n][2jn+2r

=0 il (n+r+1) % rTmer+))

x]”’=

) i (_1)r(2n+21’)_n (Ejn-&r ., 30 (_1)r [EJ’H%

=0 rii(m+r+1) 2 rmorf(n+r+1)\ 2

) iﬂ E n+2r_n] ) xozo: (_1)r [EJ(nHZr_n]
T oorfm+r)( 2 " r=01’!|_|:(1’l—1)+7’+1:| 2 "

=x] _,—n] Proved.

Q. 5. (a) Discuss the nature of singularity.at x=1 of the differential equation
—1Dy+xy—y=0.
Ans. (x> — 1) y" +xy' —y=0

R e
=1’ Py’
P d —
(x)— x2—1 /Q(x)_ x2_1
Now, find
xlinxo (X*=.xy) P(x) and hm (x —x,) Q(x)
hm (x 1) lim x—lé 1
1> x> (x—1)(x+1) =5

lim 1 0
x—1 = — =
x> 1( ) ( _1] 0 0

- Since both limit exists, x =1 is a regular singular point.

o G
(b) Solve the differential equation (x — x?) 6_Z +(1 —5x) % — 4y=0using
X



Ans. Given equation :
(x—x?)"+ (1—-5x)y' — 4y=0
x =0 is a singular pt.
then solution of eq. (1) be,

0

a xmm m m+l m+2
y= o n =anx +a1x +a2x + ...

y=x"[a,+ax'+ax’+...]
yl=max" '+ (m+1)ax"+(m+2)ax" "+
y'=mm—1)ax"*+m+1)max" "'+ (m+2)(m+1)ax"+. ..
Substitute y, y' and y" in eq. (1),
(x — ) [m(m — 1) ax" 2+ (m+ )yma,x"" + (m+2(m+1)ax’+ ]
+(1 — 5x) [max" '+ (m+1)ax"+(m+2)ax""..]
—4 [ax"+ax" " +ax"?+ ] =0
The lowest power of x is m — 1. So equating its coehicient to zero =.
m(m —1)a,+ma;= 0
m’a, — ma +ma,= 0
m*a,=0=m=0,0
.. roots are same (repeated)
The coeff. of x" equated to zero
—m(m — 1)a +m(m+1)a, = 5ma+(m+1)a —4a,=0
a, [m*e dm+ 4] = a, [m*+2m+2]

ay(m+2)*=a (m+1)

(m+2)>
hH= (m+l)2 0

The coeff of x"*! equatied to zero,
—(m+1)yma +(m+2)(m+1)a,+(m+2)a, —5(m+1)a, — 4a,=0
a, [m*+6m+al=a,[(m+2(m+2)]
a, [(m+3)°] = a, [(m+2)]

(m+3)? (m+3)* (m+2)*
LT 12T (me2)? (ma1)? °

(m+3)?
T (a2 0




a,=4a, ; a,=9a,

Y, =), = a,+4ax' +9a. 2 + ...
= a,+4ax+9a x>+ ...
=a,[1+4x+9x*+..]

%y _

- mx™~'a,+ax'+ax’+..]
Yy
OMm=0 -

Hence the complete solution

%

y: Cl(y)m=ml + CZ amm=ml

y=ca,[1+4x+ax*+..]
Q. 6. (a) Solve the differential equation in power series, y" +xy'+y=0.
Ans.y"+xy'+y=0

First, we have

g 2 a xﬂ
Y n=0 &

< n—1
= y = Y na,x

n=1

< n—2
= y'= 2n(n—l)anx

n=

so, from the given differential equation we have

y'ray +y=10
& n—2 & n—1 & n
- Ynn—1ax"" "+ ¥ nax"+ Y ax —
n=2 n=1 n=0
b n 2 n 2 n
- Y (m+2)(n+1a, +2x" + ¥ nax"+ ¥ ax" -
n=0 n=1 n=0

-~ 20+ OZoll(n+2)(n+1)an +2x" + § na,x" +a, §j a,x" = o
e



- 2a, +a, + il((n+2)(n+1)an+2+nan+an)x" =0
e

- 2a, +a, + il((n+2)(n+1)an +2+(n+T)a,)x" =
n=

Since each coefficient of x" must equal 0 for this equation to hold we have

2a,+a,= 0
+2)(n+1 +(n+1)a =0 ——_10
(Tl )(7’1 )an+2 (Tl )an_ ja’ﬁ'z_i’l‘f'z n’
By induction we then have
(="
2n= 54 (2n)
(_ 1)1’1+1
a2n+l= 13 Ton—1)

The coefficients a, and a, are arbitrary/and.we denote them by ¢, and c,
respectively. Then we have

y="5 (nz_:l 24..(2n) J+C1 [nz_:] 1.3..2n—1)

(b) Show that [*J[Pr)ldx= 5~ S

Ans. The legendre polynomials satisfies the condition of orthosonality as

ijm(x)Pn(x)dx = 0, m=#n
51 m=n
Proof : When m # n
-» Legendre eq. in
1—-—x)y" —2xy'+n(n+1)y=0
Let P, (x) and P, (x) be legendre polynomials satisfying respectively legendre's
eq.
(1—=x)P" —2xP' +m(m+1)P =0 (1)
(1—=x)P" —2xP' +n(n+1)P =0 ~(2)
[Pnn x 1] — [Pm x 2] gives,



= ;—x [(A—=x)@P —P P)]+P P [m(m+1)—n(n+1)]=0

E (Pll P'Wl - P"l P'?l) = P?ZP”"l + P'"lP'll - (P"lP”?l + P' P' )

mn

= [m(m+1) — n(n+1)]P P = — dﬂi [(1—x)(PP —P P )

1
Integrating both sides w.r.t. x from —1to 1, [m(m +1) — n(n+1)] [ P, (x)P, (x)dx
-1

- L%[(l —x%)(P,P',—P,P',) |dx

—1 . ,
= E1Pm ()P, (x)dx = [M(m+ 1)—n(n+ 1)1 (S FIEP, — P ")—11

= ﬂlpm(x)Pn(x)dx = 0 (if m#n)
Whenm=n
-+ We know
(1= 2xt) + £) 3= 2 B0 -(3)
(1 — 2xB)+ ) 2= m§0Pm(X)f’" (&)
(3) x (4) gives;
mi;oé P, (P, (O™ dx _ [ _ gyt + 11

Integrating both sides w.r.t. x from —1 tol.

M8

n=0

} [P (x)}2 " dx 1 ;dx
Sk T i1 —2xt+t%)

1
log(1—2xt + tz)

—2t

—1



2t

| log(1—2t+#") —log (1+2t +17) |
—1
- Z—t[log(l—t)z —log(1+#)’]
111 2 1 2
= ;{Elog(lﬁ) —Elog(l—t) }
1
- ¥[log(1+t)—log(1—t)]
o 1 2 oy 1
> I[Pn(x)] tdx = —[log(1+t)—log(1—t)]
n=0—1 t

Log (1+x)= x——+——xz+...oo
x* X
Log(l—x)= — x—?+?+...oo

020:0 } [Pn(x)}2 tdx —
n=0-1

Il
%
—_

+
|

+
|

+

& 1 2n
=2 t
nz()(Zn-f-lj

Equating the coeficient of #** on both sides,
j [P dr = —2—  (fm=n)
b 2n+1 e

Proved.
®R®



