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Solution of this paper

Q.1(a). Zeroth Law of Thermodynamics: Consider three bodies A,B and C. If A is in thermal
equilibrium with B and B is in thermal equilibrium with C then A will also be in thermal
equilibrium with C.
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e Ifbody Cis a thermometer and |ts used to measure temperatures of A and B. If it
shoes both the readmgs as same the‘n C is infect showing its own temperature.
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If A is the area of piston then force is given by
F=PxA

where P = pressure of the gas

dW =F X dx

=P x Aldx
dW =P x dV
. dV = Adx |

Small increase in volume of the gas.
Total work done by the gas in adiabatic expansion
from volume V, to V,

W= [*PaV
The equation of adiabatic changeis -
PVY = K, a constant
¥ =CJ/C,
W= [“Kvrav
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PaVaTs

T-dt
PVT

metiad A (P,V,T,)
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Equation of adiabatic'cl;;\ge
PVY=PVTY=x
1
W = 1—_; [P,V,V,7-P,V V. 1]

1

- W= '1—_—Y [P,V, -P,V.]

1
W= 1_7 [Tz —T1]
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(c). Pressure and Melting point are explained by Clausius-Clapeyron equation.



The equation in the picture explains the change in

melting point T with change in pressure P. AV is
phase o

change in volume and AS in change in entropy. dP AS

; a AV
For example, let’s discuss about melting of Al.
Al (s) =Al (I) phase p
In the above reaction, Entropy is increasing and

1

volume change is positive thus dT/dP is positive.
Which implies that with increase in pressure the melting point of Aluminium is increasing.

(D) v,

(e) With an increase in temperature, there is typically an increase in the molecular interchange

as molecules move faster in higher temperatures.

The gas viscosity will increase with temperature. According to the kinetic theory of
gases, viscosity should be proportional to the square root of the absolute temperature, in

practice, it increases more rapidly. ,
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In a liquid there will be molecular interchange similar to those developed in a gas, but there
are additional substantial attractive, cohesive forces between the molecules of a liquid (which
are much closer together than those of a gas). Both cohesion and molecular interchange

contribute to liquid viscosity.

The impact of increasing the temperature of a liquid is to reduce the cohesive forces while

simultaneously increasing the rate of molecular interchange.

The former effect causes a decrease in the shear stress while the latter causes it to increase.
The result is that liquids show a reduction in viscosity with increasing temperature. With high
temperatures, viscosity increases in gases and decreases in liquids, the drag force will do the
same.

(f) An object that absorbs all radiation falling on it, at all wavelengths, is called a black-body.
When a black body is at a uniform temperature, its emission has characteristic frequency
distribution that depends upon temperature. This emission is called black body radiation. It is
found that a hot object emit the energy in the form of electromagnetic radiation, where the


https://www.azom.com/ads/abmc.aspx?b=13486
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maximum in the emitted wavelength shifts to the shorter wavelength as the temperature of
the emitter is raised.
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Spectral radiance (kW - sr1.-m™

Wavelength (pm)

A black body is an ideal emitter, such that an object capable of absorbing and emitting all
wavelength of radiation equally. As the temperature decreases the peak of the black body
radiation moves to lower intensities and lower wavelength. The blackbody radiation also
compared with the classical model of Rayleigh and Jeans.

The emission curves of a black body have the form shown in figure where T1>T2> Ts.

The energy distribution, or spectral energy density, is the energy per unit volume of the cavity
that is emitted in the wavelength interval from A1 to 4+ d4 .The total area under the curve
increases as the temperature increases, indicating that the hotter an object is, the more

energy it radiates per unit volume.

The significance of black body radiation is-

1. The black body is importance in thermal radiation theory and practice

2. The ideal black body is important in studying thermal radiation and electromagnetic
radiation.

3. The black body is used as a standard with which the absorption of real bodies is
compared.

Q1(g). The two Postulates of Statistical mechanics are:



1. First Postulate: This postulate is often called the principle of equal a priori

probabilities. It says that if the microstates have the same energy, volume, and number

of particles, then they occur with equal frequency in the ensemble.

2. Second Postulate: The ensemble average of a thermodynamic property is equivalent

to the time-averaged macroscopic value of the property measured for the real system.

This postulate tells us that we can calculate the thermodynamic properties of a material if we

have a model that provides us with a way to describe the possible microstates of the system.

As we make a measurement on the real system, we might imagine the atoms in the system

undergoing thermal fluctuations that allow the system to rapidly fluctuate between the many

microstates of our model, making the time average measurement on the real system

equivalent to averaging the property in our ensemble of microstates in the model.

Q 2(a) Answer It is defined as ratio of net mechanical work done per cycle by the gas to the

amount of heat energy absorbed per cycle from the source

P =

g CYGAA
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In isothermal process
PV, =PV, (1)

As B(V,, P,) and C(V,, P,) lie on same adiabatic

P,V = P,V!
Again C and D lie on same isothermal
P,V =PV
Finally D and A lie on same adiabatic
PV =PV

Multiplying (1), (2), (3), (4),
'S e et Foie
(V.V) = (ViVy
V,V, = V.V,
“w_»uu
v, =V,
V. V.
log -2 =log —=
B v, OB v,
Dividing (4) by (2),
Q, _ Khlog, V3/V,
Qy KTE 1053 VJZ/ Vl
=5
T
Q_5
A 5
n=1-22

-2
(3
(4)
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Q 3a Answer-3(a). The Second Law of Thermodynamics:

Kelvin - Planck Statement - Second law restricts the thermal efficiency of a heat engine to
less than one. It stipulates that some portion of the energy absorbed as heat from a source

must always be rejected to a low temperature sink.

Wilhelm Ostwald introduced the concept of perpetual motion machine of the second kind
(PMMSK or PMM2), that is, of a device which would perform work solely by absorbing energy
as heat from a body. Such a device does not violate the first law of thermodynamics.
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Fig. 1

A PMMSK is a hypothetical device (Figure 1) which working cyclically, receives energy as
heat from a single thermal reservoir, and delivers as equivalent amount of work. The Kelvin-
Planck statement of the second law tells us that it is impossible to constructs a perpetual

motion machine of the second kind.
Clausius Statement of the Second Law

Heat always flows from a body at higher temperature to a body at a lower temperature. The
reverse process never occurs spontaneously. Clausius' statement of the second law gives: It
is impossible to construct a device which, operating in a cycle, will produce no effect other
than the transfer of heat from a low-temperature body to a high temperature body.

This statement tells us that it is impossible for any device, unaided by an external agency, to
transfer energy as heat from a cooler body to a hotter body. Consider the case of a refrigerator

or a heat pump (Figure 2)

Figure 2

When
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And

It is impossible to construct a refrigerator or a heat pump whose COP is infinity. Consider a
domestic refrigerator, this device extracts energy as heat from the substance to be coded
and transfers it to the surroundings. The refrigerator is supplied with electric power. Energy
transfer as heat from a high temperature body to a low temperature body is a spontaneous
process. The Clausius statement of the second law of thermodynamics tells that this
spontaneous process cannot proceed in the reverse direction.

Apparently, the Kelvin Planck statement and the Clausius statement of the second law of
thermodynamics are altogether different. They are not! Instead, they are equivalent. A
violation of Kelvin Planck statement leads to a violation of the Clausis statement too and vice-

versa.
Equivalence of two statements:

Let us suppose that the Kelven Planck statement is incorrect.
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Figure 3

Refer to Figure 3 that is, it is possible to construct a device | which, working cyclically, absorbs
energy a heat from a source at temperature and performs an equivalent amount of

work . Next consider a device Il which absorbs amount of energy from a low



temperature body at and delivers energy as heat to a high temperature reservoir

at . To accomplish this, work is done on the device. The device Il does not violate the
Clausius statement. For device I, we can write . Now combine | and Il. The work

delivered by device | is used by device, Il.

Then
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This combined device (which is no more aided by any external agency) working cyclically, is

not producing any effect other than the transfer of energy as heat from the low
temperature reservoir to the high temperature reservoir. This is in violation of the Clausius

statement.
Thermal Reservair Thermal Reservoir
TH TH
Q Q

W
I{l Q
Thermal Reservair Thermal Reservoir
TL = TH TL < TH-

Figure 4
To prove that violation of the Clausius' statement leads to violation of Kelvin Planck
statement, let us assume that the Clausius' statement is incorrect. That is, it is possible to

constructs a device | (refer to Figure 4) such that it transfers energy as heat from a body
at lower temperature to a body at higher temperature unaided by any external agency.



Consider another device Il which receives energy as heat from a body at higher

temperature, delivers work and rejects energy as heat to the body at a low
temperature. Device |l does not violent Kelvin Planck statement. Application of the first law

of thermodynamics to device Il gives,

(3)

Now consider the combination of devices | and Il as a single device. This combined device,
working cyclically, absorbs amount of energy as heat from the thermal reservoir at
temperature and delivers work , leaving the thermal reservoir at

temperature  unaffected. That is, the resulting device is a PMMSK, which is in violation of
the Kelvin Planck statement. Thus the Kelvin Planck statement and the Clausius' statement

are equivalent.
Q 3(b) Answer 3(D)...vevieiiieiiiainenn

Q 4(a) Answer 4 (a). Thermodynamic Potentials: Thermodynamic potentials are used to
measure the energy of a system in terms of different variables because often we can only
measure certain properties of the system. For example we might know the pressure and
temperature of system but not the volume or the entropy. Thermodynamic potentials allow us

to measure more state variables of the system.

The thermodynamics potentials are the internal energy, enthalpy, Gibbs free energy and
the Helmholtz Free Energy.
These different potentials can be remembered by writing them in the form of a grid.

+PV
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From the first law of thermodynamics, the internal energy, is given by

du =dQ + dwW
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du=TdS +PdV

FromH=U+ P V,thendH =dU + dP V + P dV (using the chain rule).

The first column of the first row contains just the internal energy U, to obtain the enthalpy, we
must addP V. In the second row, the Helmholiz Free F energy is the internal
energy, Uminus T S, finally in the second column of the second row, the Gibbs Free
Energy G we must add P V and take away T S.

We wish to have a number of expressions for the energy of a system in terms of different
variables, for we shall sometimes know the pressure and temperature of a system, but not
the volume or entropy; or we might know the volume and temperature but not the pressure
and entropy. In most cases, we shall know only a few relevant quantities and will wish to find
out many more. This leads to the following definitions two or more thermodynamic quantities:

H=U+PV
F=U-TS
G=U+PV-TS

MAXWELL RELATION:

At first, we will deal the Internal energy u, Enthalpy h, Gibbs function g and Free energy or
Helmholtz function f. All these four are expressed on per unit mass basis:

Internal Energy u:

The differential form of 1stlaw of thermodynamics for a stationary closed system, which
contains a compressible substance and undergoes an internally reversible process, can be
expressed as:

du=0qrev — p:dv — 0Qrev = du + p-dv

In addition, the entropy is defined as:

T-ds= dQqrev
Then we have:



T-ds=du+p-dv— du=T-ds-p-dv
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And
r=@, and p=-,
Enhalpy h:
According to the definition of ethalpy, we have: h=u+p-v
We then write it in differential form:
dh =du + p-dv + v-dp — dh — v-dp = du + p-dv
Now we can eliminate du by using dh:

dh =T-ds + v-dp

and
dh dh
T = {:E}?’ and v= {ﬁ:}s

Gibbs Function g:
Definition of Gibbs Funtion g is:
g=h-T-s
So the Gibbs function g in differential form is:
dg =dh-T-ds —s-dT

And knowing from the above equation (dh = T-ds + v-dp), we get:
dg = v-dp — s-dT alllabexperiments.com

and



dg dg
v= (ﬁ T and 5= _(ﬁjp

Free Energy (or Helmholtz Function) f:

Definition of Free Energy f is:

f=u-T-s

The differential form of free energy f is expressed as:

df =du—-T-ds —sdT

We can eliminate du by using du — T-ds =— p-dv, we obtain:
df =— p-dv — s-dT

and

d d
5= _{%jv and p= _{£JT

We know from the mathematics that any exact differential the mixed partial derivatives must
be equal, which can be expressed as:
dz = M-dx + N-dy

where:
dz dz
M= {a}.} and N = {5}1‘
Then:

d (ﬂz) d dz
dx

aM dan
{Ej:r = (5 or F = 3% {5)

According to this conclusion, we can obtain the following four relations by applying the above
partial derivatives of properties pressure p, specific volume v, temperature T and specific

entropy s:

daT dp

,)s = (0 alllabexperiments.com
dT v

{%}s = (3
ds dp

G =Gpv

ds av
(5}! =—(GGpe

These four equations are called the Maxwell Relations.



Q 4(b) Answer 4 (b)
From the definitions of Cp and Cv,

d
-4 (1)

Cp—(.‘v=ﬂ
p dT|,

dT

Substitution of the definition of entropy gives

_95 2
= @

as
Cp-Cv=T| =
B, [ar

These partials are converted from the total differential obtained from S = f(7,V)

P g

dV , which when divided by dT at dP = 0 becomes
or|, av

r

o5
or

as| _as
. oT|, oV

av

o 3
W 3)

P
Substituting Eq. (3) into Eq. (2) gives

os
Cp-Cv=T—
% av

av

4
= @)

P

o Y aP
The Maxwell Relationship B'_ =—| further transforms Eq. (4) to

vl erl,

aP| oV

Cp=Cv=T —
ar|; er

(3)

P

f -
The total differential from P =(T,17) at dP = 0 gives =E) s ] + GP) and
P I

av ), ér ), or
__ &P ﬂ' _ e
y ovl.ar|, eor|,

1 gV
ﬁﬁ‘??ﬂ
P ol
Therefore, Eq. (5) may be written

i
oT

o Var

3 1 aF
/%r:m"’ﬁ where @ =——

a’TV
Cp—-Cv=—— (6)
B
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Here we can also write, 3= -1/E so,

C

, — C, = —a’TEV

Q 5(a) Answer 5 (a). The Joule-Thomson effect: This refer to a change in the temperature

of a gas which occurs during adiabatic expansion of gas through a throttle from high pressure

Fig. aweThe Joule-Thomson expansion through a throttle. The two pistons ensure constant

pressures on the two sides of the throttle.

The work done on the gas by the pistons is

0 Vo
W= —f ndV - padV = —py (0 = V1) = pa(V2 = 0) = p, V1 = po V5 (1)
Vi

A T

The device is thermally isolated. Thus, from the first law AE =0+ W =W, or

Ey — By =pVq —pals

2
Es 4+ paVa = Ey + ;i {2)

Recall the definition of the Enthalpy, H = E + pV': Equation 2 is simply H; = Ha. Thus,
the Joule-Thomson process conserves the enthalpy - it is an isenthalpic process.

p1 to lower pressure p2. We will calculate this change in temperature. Similar to the Joule
effect, this is an irreversible process.

Assume that before the expansion, the gas occupies volume V1, after the expansion - V2.
We can think of the system as having two pistons, one at each side of the throttle, that keeps

the pressures p1 and p2 constants (see Figure)

alllabexperiments.com



We can now repeat similar calculations to those used in calculating the temperature in
the Joule effect e . but with H replacing & and p replacing V. We use
dH(T,p) = 0; The temperature T and the pressure p change during the process, and so

aH aH N
(E)p dT + (d_p) TﬂrP = (. ('3)

_we can define the Joule-Thomson coeflicient.

a1

Similar to the discussion on the Joule effect, our goal now is to express ayy using
measurable quantities. The denominator in Equation - 4 is

5H> (55) (Hv) (a(g) i
—) == +rl5=) =[] =G ( 5)
(dT , \aT/ aor), \er}),

=z (@)t o)) e

We can write the numerator using the fundamental relation:

from which

dE = TdS = pdV

ds = %dE + %dv (« 7)
= zdH — =dp.
Let us substitute in:
a8 = (ﬂ—i)T{ijJ-l- (28), dT 5
dH = (%) dp+(3%),dT. |
Equating coeflicients of dT', dp, one gets &
(57), = 7(57),

cross-differentiate (8°S/(8pdT) = &°S/(0Tdp)) and simplify, one gets

OH\ _ ., . (0V
(), -3,
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from which we obtain
1 A1
e | s 1
LT (Eﬂ“)p ()

For an ideal gas, ayr = (); thus, the temperature of the gas doesn’t change. However,
even for non-ideal gas, a4+ = () provided that

T (’%) _v (12

Equation |2 defines a curve in the T — p plane (see Figure ): this eurve is known as
mversion curve. Also plotted in the figure are isenthalps, curves of constant enthalpy.
Inside the inversion curve, T increases with p along isenthalp, and thus ap = (07/8,)y > O
the gas cools in expansion. Cutside the inversion curve, ayr < 0, and so the gas warms up
in expansion. Above a certain temperature, T3, known as the imversion temperature, the
gas is always outside the inversion curve, and thus it is always warmed in Joule-Thomson
expansion. For most gases, T; is above room temperature.

|

Temperature T —

r Inversign Curve

Pregssurp P —

Fig. .— Inversion curve in the T-p plane is shown in bold. The solid lines are isenthalps

(=curves of constant enthalpy, H(p,T) = Const). Inside the inversion curve, T increases

with p along isenthalp, while outside it decreases.
alllabexperiments.com



Calculation of temperature change during Joule-Thomson expansion is done using

Pz z
AT=T,—T, = f ("}—T) dp (13)
p NPy

This is difficult to evaluate analytically. since non-ideal gases often do not have a simple
relation between T and p. But this equation can easily be solved numerically.

We know from the third law, that when the temperature of a system approaches zero, so does

the entropy. Thus, a cooling process is a process in which the entropy decreases. In a

reversible process, the entropy doesn’t change, AS = 0. Thus, adiabatic cooling process

depends on the fact that the entropy of a system depends not only on the temperature, but
on other parameters as well (e.g., the volume, magnetic field, etc.). We shell label these

parameters by a. During a reversible adiabatic process (in a thermally isolated system),
S = S(T, a) = Const.

Thus, the process must change the parameter a to compensate for the decrease in

temperature, so that over all the entropy will remain constant.

Q5(b). Joule Coefficient:

We have considered several times the free (adiabatic) expansion of gas into a vacuum,
that oceurs, e.g.., when the membrane that separates the gas from the vacuum breaks; the
entire (gas 4+ vacuum) system is assumed isolated from the rest of the world. The first to
study this process in details was James Joule, and the process is known after him, Joule
expansion (or Joule effect). Here, we would want to generalize the treatment to real (non-
ideal) gases.

While for ideal gases the internal energy is a function of temperature only, E = E(T),
for real gases E = E(T, V). When the gas expands, its energy is conserved; since its volume
changes, we therefore expect to see a (small) change in its temperature. Let us quantify this.
Start with dF = (), to write

ar JE —
(77), @+ (&), v =0 (v
which implies
OF OE
(), 7=~ (), e

The first thing to note is that both (& E/JT )y and (OE /OV )¢ are positive; the first is obvious,
while the second originates from an increase in the potential energy of particles with increase
in their average separation. Since in an expansion 4V > 0, Equation '_11 implies that 47T < 0,
namely the temperature decreases in free expansion.

A guantitative measure of this expansion is given by the Joule coefficient,

_(oTY __(88), _
w=(57),~ e @)

ar




. we know that the denominator is (0E /8T )y =
C'y-. For the numerator, we . B E '
© write

1
dE=TdS—pdV — dS=dE+ %dv., (s

and recalling that V' and T' are independent variables,

a8 liNy 1 dE
i) dl — | dV =
s=(57), 7+ (), -7 (),
Equate coefficients of d7" and 4V, one finds:

(75)v (57

a1y
i
{W}T [( ) ]
Using again the trick of cross-differentiation, *S/(9VaT) = FS/(aTEV),

w7 (57).), = {7 [(5), +41},

Since the mixed second order derivatives of £ are the same, we get

(oY _ . (9FE
r(57), =7+ (7).

Overall, we can write the Joule coefficient in Equation 3. as
1 apP

1y ==— |T | —=] =P

=g [ (EJT),, ]

Q6. a. Maxwell-Boltzmann Velocity Distribution:

OF P .
+ (W)Tdﬂ +=dV ()

e el ]
!-.-"'-|t|.'
o SR

"’I

It was shown that the rms velocity of the molecules of gas is related to the gas temperature.

If all the molecules of a gas at a certain temperature move at the same speed, then the rms

value indicates the magnitude of the velocity of all the molecules. However, the speeds of

gas molecules vary widely, and it is thus necessary to determine the velocity distribution of

the molecule, so that the number of molecules moving with any particular velocity can be

determined.

Let us consider a volume of gas at a constant temperature, the molecules of which are moving

at different velocities. The instantaneous velocity vector of each molecule is revolved into

components vy, vy and v;. Let us imagine a velocity space (Fig.1) so that the space area of a

sphere represents, at an instant, all molecules of equal velocities.



dv
dV:

v+dv Vs

Wz

Fig. 1 Velocity Space

Each molecule has a representative point in velocity space. The number of molecules whose
velocities lie betweenvandv + dvwould be represented by the spherical strip of
thickness dv, and be denoted by dNL. Qé%}o ’rTﬁgotal number of molecules N is very large,
the strip dv, although small, still contains a .J’ﬁgc number of molecules. Let dNvx represent the
number of molecules whose x -component velocities lie between vxand vx + dvx. Then the
fraction is a function of the magnitude of vxand the distance dvx,

or,

dN (1)

== [ )b

where f(vx)is called the distribution function for x -component of velocity.
Similarly,

alllabexperiments.com
T f ©
~=j(v )av,
N ¥ b

and

Dy oo vt (3)
i v H

N e

dN . (4)
L= f(v,)dv,

=



Some of the molecules of aN, have y -component velocities lying between vy and vy +

2 2

, : : d* N,
dvy and let this be "¥ represented by A differential of second order ¥¥ has
been used, since this is a small fraction of an already small fraction, but still large enough to

contain many molecules. Since the number of molecules is large, the following relation holds

good.
N, ;N alllabexperiments.com (5)
dN N
AN, =dN.dV. L =NF(v)f @ )dv dv (6)
‘NI'; T — L T L T, 'ﬁ_‘wf (1’xjf (1"_1:] ¥ .‘1.'
3
Similarly, "¥.¥ represent the number of molecules whose velocity components would lie

between vyx and vx + dvy, vy and vy + dvy and v, and v, + dv.. Therefore,
dE‘MI"‘I"._I':. = ‘Nf(vxjf(vyjf(v")m!xm!y Eﬁ-‘z (7)

The number of representative points per unit volume, or the density of point in velocity space,

represented by p, is

&N,,, ®)

p= dod b, Nf(w)f(v)f(v)

Since the velocity distribution is isotropic, the density is the same in any volume element so
that

dp=NF0)F @) f (v, + NF@) () F 0 )dv, + NF) ) £/ (0)dv, =0 (9)
THCAYPACS RS R (10)

F) syt f)
At a radial distance v from the origin,
vVi=visvisvi= alllabexperiments.com (11)

constant
vy, +vdv +v.dv =0 (12)



To solve the Eq.(10), Lagrange’s method of undetermined multipliers is applied. Multiplying
Eq.(12) by A and adding to Eq.(10),

{f'(v*) + Avx:|a‘vx + 7)) + v, |dv, + {fﬂ(v") + 2,1:‘_:| dav.=0 )
f,) fo) T L)

where A is called the Lagrange’s multipliers.

Since vy, vy and v; are now independent variables, the coefficients of dvy, dvy and dv; are

individually equated to zero.

f0 o o (14)
fv)

'ty (15)
TO) gy =0
ACH :
S L g =0 o
J.) ‘
From Eq.(14),
Fe) 1, (17)

av, f(v,)
TC)_ (18)
J,) S
In f(v,) = —A‘;—; e 19)
or,
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fv)= o g8 (20)
Similarly,
f (’L’J.:] = g gt (21)



and
fv,)= oo (22)

where & isthe constant of integration. The symmetry provides the same integration constant
for all the three equations.

Substituting the expressions for f(vx):f(vlj and ALY in Eq.(8),

p=Na'e?”? [v: + v;_ + 1f] (23)
d'N, ., (24)

or,

p=Naie*™ (25)

where alllabexperiments.com

pi=2l2 (26)

The density is found to be a function of v only, and it is maximum at the origin where v =0 and
falls off exponentially with v2 (Fig. 4.). To calculate the number of molecules with speeds
between v and v + dv, the volume of the spherical shell of thickness dv at a distance v from

the origin is multiplied by the density of points , so that

™
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Fig.4. Density of velocity points



dN, =4mvidvp (27)

Substituting for p from Eq. (26), the total number of molecules

N= [ 4TV Nebe ™™ dv (28)
]
=4xNed Tv e dy
3' (29)
To integrate the above expression, let * fg v’ * s0 that
Jx (30)

=,3’2F‘m-=z,3ﬁms.

2 > (31)
. 1 3 1 7
resan=]2 | fomgnes Lpdy o LT
=. B zﬁf 25 2 2 2P 2
T(n) = [+~ de(n>0)
where 0 is called Gamma function,

Substituting the value of integrand in Eq.(29),

alllabexperiments.com

=4aNa’ ! J_ (32)
ﬁ“
from which
=8/ (33)

The translational K.E. of the molecules of a gas is given by

= = . . s Na = - 34
U= J;%mm dN = J;%mv'ﬂrm"dvﬂra:e_"?: 2—”3.%‘5—{»42_ “dv (34

Let x = B2v2, as before



X o \
B 2Bfx
MN T g mN .5
—| X" e d = -I'(=)
77 NET S |
_ _mN Eﬁ_Em’f
Jip 4" T ap |
Now,
AT
=2 Nk =2
2 43
Hence,

- 2
ﬁ_[I:rKT}

From EqQ.(33)

- 12
o=
[IEKT}

Substituting these values in Eq.(28),
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dV, =4mv'diNeare 7

= 4.:11'.-‘?|||-T|: i } V:E_ {m lxr:.;-iarv
ITKT

or,

N, _4N[ m T° . -2
dv | 2KT

This equation is known as Maxwell Boltzmann velocity distribution function.
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Q6,b.

Any statistical property of the gas can be determined by taking the appropriate moment
of the Maxwellian distribution. The mean velocity of molecules moving in the plus z;
direction is

oo OO pOO m 3/2 m ( s 32)
. — st l\u 1) o8 foppenpram
b /—oo /;oo](} ul(gwkT) € = U1dU20U3

The mean square molecular speed is defined as the average of the squared speed over all
molecules.

r— ———

(u2) = (w12 + ua? + u3?)

From the Maxwellian

o o0 poo pOO 3/2 - kT
2 — (u1? + ug? + u3?) (l) e~ atr (mPtu+us®) g o dug — Bl
i ) e kT m

where the integration is from minus infinity to plus infinity in all three directions. The

root-mean-square speed is
/5 3ET .
Urms = us = —— .
m
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Q7.a

The photoelectric effect demonstrates that light waves have particle properties and that the
light quanta, or photons, of a particular frequency v each have energy hv. We need to
reconcile this picture with the classical picture of electromagnetic waves in a box. In the
classical picture, the energy associated with the waves is stored in the oscillating electric and
magnetic fields. We found it necessary to impose the constraint that only certain modes are
permitted by the boundary conditions — the waves are constrained to fit into the box with
whole numbers of half wavelengths in the x, y, z directions. Now we have a further constraint.
The quantisation of electromagnetic radiation means that the energy of a particular mode of
frequency v cannot have any arbitrary value but only those energies which are multiples of
hv, in other words the energy of the mode is E(v) = nhv, where we associate n photons with

this mode. We now consider all the modes (and photons) to be in thermal equilibrium at
temperature T. alllabexperiments.com



In order to establish equilibrium, there must be ways of exchanging energy between the
modes (and photons) and this can occur through interactions with any particles or oscillators
within the volume or with the walls of the enclosure. We now use the Boltzmann distribution
to determine the expected occupancy of the modes in thermal equilibrium. The probability

that a single mode has energy En = nhv is given by the usual Boltzmann factor

exp (—Ey /KT

mn) =

N

Zt*}:;}i—ﬂ._.-".ﬁ'TJ

n=f(

Where the denominator ensures that the total probability is unity, the usual normalisation
procedure. In the language of photons, this is the probability that the state contains n photons

of frequency v. The mean energy of the mode of frequency v is therefore

- 3 " By exp(—En/kT)
E,=) Enpln)=2"C
=t} Z: exp (—FE /ET)

=[]

]

Z nh exp (—nhy (ET)
==:|1=11JID {.I.}
Z exp (—nhy /ET)

=l

To simplify the caleulation, let us substitute x =
exp{—hi/ET). Then [1 ) becomes

> na”
—— = v Do o Fa )
O T ;
v =M v (1+z+224+...)
>
=[]
(1422+3224...)
= hi » :
(1+z+a2+4+...)
(3)
Now, we remember the [ollowing series expansions:
1 :
{1_$}21+:ﬁ+.1‘2+ﬂ:3—|—... ( &)
1
— =142 432 . ( )
[l —z)? g alllabexperiments.com



Hence, the mean energy of the mode is

hirr fris hr

Ezl—x:u:—l—lze"‘”f“'—ld ta)

This is the result we have been seekine. To find
the classical limit, we allow the energy quanta fir
to tend to zero. Expanding ™ _ 1 for small
values of b /KT,

Fris 1 { he )\
Iw,.'.ﬂ:.l'_lzl kol e [ il i by
# Tt (H) ‘

Thus, for small values of i /ET,

i fips
= KT

and so

hos _ fi _
ehe/kT _ 1 /T

E = kT
Thus, il we take the elassical firmil. we recover ex-

actly the expression [or the average energy of a har-
monic oscillator in thermal equilibrium, B = ET.

We can now complete the determination of Planck's
radiation formula. We have already shown that
the number of modes in the {requency interval v to
v +dr is (8712 /e?) di per unit volume. The energy
density of radiation in this [requency range is

S

= Ede
fis

B b 1
5 : ({75 |
o exp(he/ET) —1 i kR

() dy =

This is the Planck distribulion funclion.



Q.7 b. In many practical applications (remote sensing, heat transfer, radio-astronomy etc) of
interest is the surface density of a spectral flux of black body radiation. So we have from

Plank’s law _
alllabexperiments.com

C 1
a(T) = Hz;s lexp (Co/nAT) — 1]’

where the quantities
he
Cy = 2nhed: Cy = ?"

Dividing above equation by temperature to the fifth power we get,

_wl(T,x) _ C 1
(q}.(T! A)ETi) =t TS - (}tj‘l’)s 1(:}{1}{(’:2/:\1-‘) - 1] .

If the term exp (C>/AT) > 1, then equation anoY5 reduced to the expression

L(T,)\) Cy
: LU fr{.:’l.Tjj exp (C2/AT) ,

which is known as the Wien radiation law. For the values of AT < 3000 pm K this
formula gives an error within the limits of 1%.

Another approximate expression can be obtained by expanding the denominator
- into the Taylor series. If AT is essentially greater than ,, then the

series can be restricted by the second term of expansion, and equation aippv¥Etakes the
form:

LT,y _ ¢ 1
> wC (A7)t

This equation is known as the Rayleigh—Jeans radiation law. This formula gives an
error within the limits of 1% for the values of AT > 7.8 x 10° um K. These values are
outside the range usually considered in IR thermal radiation, but they are of
principal importance for the radio-frequency band. The frequency presentation of
the Planck formula is usually applied in this band, and then the Rayleigh—Jeans law
takes the widely used form:

2 2
LT,y = zignki'" = 2{ nkT.
‘o ‘o



Rayleigh-Jeans Wien

Plank .
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Intensity

Frequency

Q.8 a.

According to Joule's second law, which states that the internal energy of an ideal gas is

solely a function of temperature:
U= f(T)
the internal energy change for this process will be zero and, thus, according to the first law:
dU = d@) — dW
the heat change dQ occurring in the process will be converted completely into the work dW

of expansion:

dQ = dW

To then calculate this work W we use Clapeyron's expression for the pressure-volume work:

2
W = Pdv
11
The pressure function for this body will be the ideal gas equation, which in classical ideal gas

law notation is:

PV =nRT
and with substitution:
w=nrr [~ La
Il O 7
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Alternatively, the statistical version of the ideal gas law can be written as:
PV = NkT

where N is the actual number of molecules in the system and k is

the Boltzmann constant. With substitution, this gives the alternative work integral function:

v 1
W = NkT / =
v ‘

.'1:2]_
f —dr = In |25 — In |z
1 L

1
The above integral is a definite integral, which integrates according to the following rule
Using the above rule for the definite integral of 1/x, we have:

W = NET (lnvy —In vy)

This can be reduced, using the rule that the logarithm of a ratio is the difference of the

two logarithms:

T
m—=Inz—-In
Y Y

to the following form:

W= NkTh 2

™

With substitution of this into the reduced first law, step three (above), we have:

AQ = NkTIn =2
L1
Then, bringing the temperature over, we have:
A
AQ _ ypp 2
T ™
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From the definition given by Rudolf Clausius, this is thus the entropy change of the body of
gas during the expansion:

AS = Nkln 2

™

It is assumed that the molecules of the gas will always spread themselves as uniformly as
possible throughout the space available to them, because of their thermal motion which drives
them hither and thither. On this so-called "principle of uniform spread”, the ratio of the
probability W1 that the molecules will all remain in the volume v1, to the probability W2 of

W _ v
Wi L1
their occupying uniformly the larger volume v2 which is made available to them, is given by:
and with substitution:
W
AS = Nkln =

1

Here, we have introduced Boltzmann's notion of Wahrscheinlichkeit, pronounced var-SHINE-

leash-kite, symbol W.

If our integral had the form of what is called as an "indefinite integral", one without upper and

lower limits, an additive constant would be used:

1
/—dlenh:l—l—c _
T alllabexperiments.com

and our formulation of entropy for our expanding gas body would be:

AS = Nk(lnv + ¢)

or, if the nR constant is divided through:

AS=Nkhnv+e

It seems to be the sense in which Planck first introduced the natural logarithm formulation of

entropy in 1901, in his own notation as follows:



Sy =klogW +¢

and where SN is the entropy of a system or black body composed of N resonators, which,
according to Planck, "depends on the disorder with which the total energy U is distributed
among the individual resonators. Planck was calling the following equation, without the added

constant, the ‘general definition of entropy’, which is

S =klogW

Q.8b.
Fermi Dirac Statistics:

Forx femrﬁ - dixac f-unch'ov\/
\
Wp = AL et
\
nr‘.(ar" Nr) |

o = 2 gt — Z banel — Zing-no)

l“f"J &Hana's fo‘mnula, ‘
e “Zfitng — g - NelaNe N — (g ~No) M)
+'(3r—Nr)]
=2 (4N - ) — NN +3r,njp
o 2= N
e know, & = ko

55 = g(kthw) = K 3(thw)

W) = 7 -GN 3G M) 5(g -3
(,3r"’Nr}

— SN laN, — Ne SN+ 39 I

e — Jr g

*dr g

9,

EUDE I ? - SGV—YN(\ - %(jr_Nr) Qngjr”Nr)
— SNelaNe — SN+ S{)r%‘jr 4 gjr

we know , 99y =0
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Z -8 + 8N~ gern(j,-N,) FSNAAS, -y

— 9N InN,. — AN, + 33? DnJP+SJP
= Z % + Nl —¥ND — SN ton, — SN

q o) =

LD ~tnNe | SN (=1 pos f-n)
546 = X a0 —:zk (!n@r-—m) = Pn(Nr)] N =0
k(tnfge - Nr) —ING) SN =0 — O

u&‘{n - ‘LQ ' s
:) ‘Q‘}"‘XV,\J(’A me;fhod 0(13 undefesim ined mub‘»’:hug
?;. Nr‘ =N = Lon_g{‘
Z N6y = £ = towat

By 3N =ZSNr =0 — O
3 & = 5 &SNy, = 0 e @
mu(‘h'P‘gdxj Qii“ @ by (=)  ound @ b(j(‘ﬁ) ouxdl
add&ﬁ T S N ®
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