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Chapter - 4
Some Special Integrals

Some Special Integrals: Beta and Gamma Functions and Relation between them.
Expression of Integrals in terms of Gamma Functions. (4 Lectures)

GAMMA FUNCTION:
The gamma function, denoted by I'(n), is defined by

I'n) = J‘ e *dx
]

which is convergent for n > 0.
Q1l: prove that

—

o=
Sol: Using standard gamma integral

o
|_f! = J e~ -1y
0

Putting n=1 ,we get

Q2:Prove the following : https://alllabexperiments.com

(@) T(mn+1) =nr(n), n>0;

Support by Donating
(B Bty =ak #=1,2.8,. .. .

Sol:

’ . M
(a) 'n+1) = f 2te *dr = lim xre~Tdx
1] M=+ ()

M M
- f., {—s—n(mn--l:.dx}

M
= ﬂl;im {-—Mﬂ e~M w.f gn—1leg-x dm} = nIn) if n>0
—r 0 0

il

n}i_rf'm {(-’v’*]{—ﬂ )
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® M
O 1) = f exdz = dim [ e-rde = dim (1) = 1
0 M—wn n M= w
Put n=1,2,8,... in I'(n+1) =nI(n). Then

r@ =1r@) =1, 1) = 2r(2 = 2.1 = 2!, r() = 3r(3 = 3-2! = 3!

In general, 'n+1)=n! ifnisa poa'itive integer,
Q3:Evaluate

@ [ wezdz, () | aremaa.
(1]

https://alllabexperiments.com

Sol:
(a) f e Tdx = I(4) = 3! = 6
0

(b) Let 2x =y. Then the integral becomes

=fu\® __dy i DI _rn _ 8 _ 4
@) g =g veora =5 =5 =5
Q4: Prove that
r($) = V=
Sol:

We have T(1) = f z 12T de = EJ‘ e— du, on letting x = u2. It follows that
o L]

{r(d) = {2 f:e"undu}{E J':e“ﬂ” dv} = 4 J;m j:e—f“g“”z’ du dv

Changing to polar coordinates (p, ¢#), where u = p cos ¢, v = p sin ¢, the last integral becomes

wd . #/2 :
4 f e Ppopdode = 4 — e
¢=0 vp=0 Jo=0

and so I‘(ﬂ-) = V=

Q5: Evaluate:
(@) T(~1/2), (b) T(~5/2).

https://alllabexperiments.com

Sol:

We use the generalization to negative values defined by T(n) = F{L:l-} ;

(@) Letting » = —}, T(-1/2) = % = —2V/7.

B.Sc. (Hons) Sem.-3 Support by Donating
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r(—1/2) _ —-2V7 _ 4/7
—-3/2 ~ —-3/2 3

(b) Letting n = —3/2, 1(—3/2) = , using (a).

Then I(—5/2) = P02 __8 V7.

—5/2 15
Q6: Evaluate
. https://alllabexperiments.com
J l—nd'.l'.
o
Sol: Putting a*=e' orxloga=t,
1 de = di
loga’ ' log a
- il
= I_f 9 JI- ]_ =
1=] | =] e = [ et
o | log a ) log a (log ay"" Ly
= ;] la + 1 Ans.
(log a)*"
BETA FUNCTION

The beta function, denoted by B(m, n), is defined by
1
B(m,n) = J; P11 —a)*dx
which is convergent for m > 0, n > 0.

The beta function is connected with the gamma function according to the relation

Bwi,#) = I'(m) I'(n)

I'(m + n)

Q7:Prove that : Support by Donating

(a) B(m,n) = B(n, m),

i
(b) B(m,n) =2 f sin?™~1 ¢ cos® !¢ df.
i

Sol: (a) Using the transformation x =1 -y, we have

B.Sc. (Hons) Sem.-3 Support by Donating
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fl

1 1
B(m,n) = Lm”“‘{lﬂ-x}"-ldm J; (1 —gyym-tyn~ldy

1
= _ﬁy“"‘(1~y}’"“dy = B(n,m)

(b) using the transformation x =sin?©, we have

1 «TIE
B(m,n) = f gm—1(1—z)n—ldx = j (sin? g)m—1(cos? )"~ 1 2 sin 6 cos ¢ de
0 o)

AT
= 2 f sin2m—1 g cog?n—1 g dy
(1]

Q8: Prove that https://alllabexperiments.com
r'(m) r(n)
Bm,n) = ———F——+ m,n>0.
(m, ) Ir'(m + n) / 0
Sol:

o =]
Letting z = 2%, we have I'(m) = f m-leg—2dz = 2f xim—1g=2" qg.
0 0

= ]
Similarly, I'(n) = EJ- y2n—1 =" dy. Then
0

= ol
DOm) T(n) = 4(f gim1 g= 2 dm)(f pa—— dy)
0 0
= 4 f fﬂcxﬁm—lyzﬂ—le-'[:c3+y=}dxdy
Lo g

Transforming to polar coordinates, z = pcosg, ¥ = p Sing,

w2 o
I‘[m} I‘['n:] — 4 f ‘I. PE(M +m)—1 6_1}3 cos 2m—1 q& sinﬂﬂ-—' 1 Eﬁ dﬁ dgﬁ
d=0 « p=0

= w/2
=: 4 f 2(m+n)—1g—p* g f om—1 4 gin2n—1
( - e P)( oo OB ¢ sin ¢ do

s T2
= 2T(m+n) Jﬂ cos?m—lg gin?n—1g de = I(m+n)B(n,m)

= T(m + n) B(m,n)

Using the results of previous question.
Hence the required result follows.

B.Sc. (Hons) Sem.-3 Support by Donating
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Q9: Evaluate the following

@ f (12 dz, (b) f FEA o) | yE—a.

ﬂ:
s r
—_ — _ s)r(4) _ 418! _ 1
(@) J; Al-apds = B4 = JOTA - 481 L

(b) Letting =x = 2v, the integral becomes

1 42 B ! - B L 4/2r@)r(1/2)  64y/2
.n,/EJo' =i = 4\.@]; vl —v)~12dy = 4/2B(3,}) = 5(7/2) = 3E

{c) Letting »® = a?z or = a\x, the integral becomes

a®I'(5/2) I(3/2) _ mab
271(4) —

a® (! ab
&’ f x3/2(1 —z)1/2dx = — B(5/2,3/2)
2 .o 2

Q10: Derive the relationship between Gamma and beta functions.
Sol: We know that

) X 4-1.32
ﬁ .[n € X ‘dn Support by Donating
Putting zx =y

E :j > Al https://alllabexperiments.com

Multiplving both sides by ¢ ~ 2" ', we have
rf. @ gl = In et 2" 2 e x ke
1. e*. 2" = J- e W) ghemel g
) 0
Integrating both sides w.rt. “z°. we get
J'} Wi g el 2 I.;:. j e VTR s
[ i

(i ]

ﬁ I = J'”'.TJ lrfrj: g W -1

_ 0§ i+ m
- I x dx -
0

{l—-:r}! m

B.Sc. (Hons) Sem.-3 Support by Donating
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1-1
de=|l+m . B, m)

)3 m

(1+x

B m =

3

ar:

[+m

https://alllabexperiments.com

Q11:show that

X

LII sin” 0 cos?0d0

2
S Pt q+2
e = 2‘ L
Sol : we know that
I r.r.l | -l
pom m - [t ae (1)
Puiting x = sin” 0. dx = 2 sin 0 cos 0 dO
and 1 —-x = 1-sin” 0 = cos’ O
Then (1) becomes
B (mn) = J.fﬁinzm “Dcos™ 20 2sin0cosd d)
E_”_, |; ; = dm—] 2n-1
= zj sin®™ "0cos®™ 1 0d0
A+ 0
Putli _ p+l
utting 2m 1 p. e, m 5
: 7 +1
and 2n-1 =g ie&, n=i—
2
p+l |g+1
2 2 =
prq+2 2[ 2 sin” 0-cos?0 0
2
[p+1 [q+1
- 2 | 2
2 an ™ i =
.[4;. sin” 0 cos?0 d0 zlm
2

B.Sc. (Hons) Sem.-3
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Chapter -5
Partial Differential Equations

Partial Differential Equations: Solutions to partial differential equations, using
separation of variables: Laplace’s Equation in problems of rectangular geometry.

Solution of wave equation for vibrational modes of a stretched string, rectangular and
circular membranes. (15 Lectures)

Q1: Applying the method of separation of variables techniques, find the
solution of partial differential equation.

I 2u =0.., wheren Wy =T
e R

; ay
Sol:Here, we have ,
https://alllabexperiments.com
3w 2¢7n
P, 4 s = ['].
ox & @ ... (1)
Lel w=X MY (2)

Where \'is a function of x only and } is a function of y only.
On difTferentiating (2) partially w.r.t. x, we get

Cu ox
T e d -(3)
cxX X

On difTerentiating (2) partially w.r.t. v, we gel
Cu )
2 (4
ay i}

7 St .
Putting the values of f,;" and 2 from (3) and (4) in (1). we get

o 8!
X, . O
MR B g

k% ff:l'

=1 w5

-
ki

o)

B.Sc. (Hons) Sem.-3 Support by Donating
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Dividing (5) by XY, we get
R.H.S is constant for 1.11.S,
L o So we take both equalions

e NP Iy

are equal to k (constant)

3 aX 20 3 ax :
— —— = _:i;ﬁ = T =k and —Ei:r}
X ox Y &y ' éx ¥ éy
X k. e k. s Bn b oy i
= 53 .Emaud ¥ -3 v = logX= JrTa and log ¥ = -E—_-*fz
— '\_ L | and}-_ 21 &2

i
X v & )
— X+ & l;l'l O 1'{ 1_-“_ + L +C~,_ -JE 1 )
] 23 o2 ¢ gt 2 = & e E
WE_2]
Hence u=4e 3 ¥ [where 4 = ¢“1" 2] Ans,

Q2: Using the method of separation of variables, solve

cu c-.u
& ot
» Where https://alllabexperiments.com
u(x, 0)=6¢e*
o . ou
Solution. —=2—tu (1)
cx ot
Let u=X).T () e (2)
where Xis a function of x only and T'is a function of 7 only.
Putting the value of u in (1). we get Support by Donating
O(ETY o8 e o
.55 -
ox ot .1
dX dT X T’
TE=2XE+XI:=TX'=2X.T'+X.T = E—=E?+1=c(say}

B.Sc. (Hons) Sem.-3 Support by Donating
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X' 1 dY X
(a) —=¢c=> ———=¢ > —=cdx
X X dx x |
. . X X
On mtegration logX=cx+loga. = log—=X = —=& = X=ge~
a a
2T T 1 1dT 1 dTl 1
L. I _ 1.4 ~2 (-1 & (e-D)dr
® 7 ¢ = F=3lb = 4 2(_) = T =3
. : 1 T 1
On integration log T = 3 (e—1)t+logh = l'c:gE =E(c?—1}.=‘
1
_ r_5e ey
b

= T =bhe’

Putting the value of X and T'in (2). we have

1

u=ae” B

1
ex+—(c-1)z :
u=abe '’ (3)
= u(x.0)=ab &”

But u(x.0)=6e>"
Le

abe™ =6 = ab=6 and ¢=-3
Putting the value of ab and ¢ 1n (3). we have

1
0= 6€—Jx+ E[—E—l}r

https://alllabexperiments.com
n = Ge = 2t

which is the required solution.

Q3: Use the method of separation of variables to solve the equation :

given thatv =0 when t — = .aswellasv =0atx =0andx =1.

B.Sc. (Hons) Sem.-3
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v ov
Solution. = 1)
cX ct
Let us assume that v = XT where X 15 a function of x only and T'that of 7 only.
oy _dT &v __d’X
S-xS L
ct dt — ox dx”
Substituting these values in (1). we get https://alllabexperiments.com
i
dt dx”
Let each side of (2) be equal to a constant ( —p?)
tdT 1% ,
= Tda xa& T ~2)
L dT 3 aF s
——=—p —+pT=0
T dr P = “dr P «(3)
L.d7T . X
d SE o e = PPN =0 e
an X dd p = PR £ 4
Solving (3} and (4). we have
T=Ce™'
X =C,cos px+C, sin px .{5)
v=_Ce " (C, cos px+C, sin px)
Putting x =0, v =01 (5). we get
0=Ce"'c, 5. Cy=0,since C, #0
On putting the value of C, 1n (5), we get
(6)

v=_Ce? C.sin px
Agamputting x =/, v=01n (6). we get
0= Ce™ " .Csin pl
Since C; cannot be zero.

. " nﬁ
ssinpl=0=sinnm pP= ]

« M 15 any integer.
On putting the value of p in (6) 1t becomes

o L

— . MIX
v=CCe " sin

it

Hence v=he ! sin

This equation satisfies the given condition for all integral values of n. Hence taking

nTX
; where E:-”= e,

=123 e, the most general solution is

sz;z:r .
—~S—SINATX
Ans.

v= ibﬂe ! :
n=1

B.Sc. (Hons) Sem.-3 Support by Donating
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Q4: Obtain the solution of the wave equation

using the

-2 ~2
&y L&y
Y _ 29
ox

ot’
method of separation of variables.
https://alllabexperiments.com

Yoa

P (x.y)
J v
o X A 1
1
Sol: here,
&’y &'y
-
ot oxXT
Let y = XT where X is a function of x only and T is a function of ¢ only
cy ar 3
ot dt cx dx
Smce T and X are functions of a single variable only.
c_}': d? o c‘_:r'zrd}ff
ct- dt éx dx
Substituting these values in the given equation. we get
#E | X
=c T —
dx

X—~
dr
Support by Donating

By separating the variables. we get

Support by Donating
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d°’T d°X
dr’ _ d’ o (say).
7 X
(Each <ide 15 constant. since the variables x and y are independent).
a1 d’X
—ke’T=0 d kX =0
o dr’ e dx’
Auxiliary equations are
m’—ke’=0 = m=ic-f§ and m" —k=0 = m==Jk
Case 1. If k= 0.
T =Ce* +C,e™™
X=CeFaCe
Case 2. If k< 0.
T=0Cs cosc‘ﬁ:f_ +Cs sincxﬁ-:;

X=C cosxfﬁ;+ 35 sin\,‘rE
Case 3. Ifk =0.
T=GCt+GC,
X=Cx1C,
These are the three cases depending upon the particular problems. Here we are dealing with
https://alllabexperiments.com

wave motion (k < 0).
y=IX
Ans.

y= {C’S cosealkr +C, SIHICJE)K{C? cos~kx +C, s'mm]

Example 5. A string is stretched and fastened to two points | apart Motion is started by

TX
displacing the strving in the form y = a sin 7 from which itis released at a time t = 0. Show

that the displacement of any point at a distance x from one end at time t is given byi

. . o)
vix.r)= asm[ T Jcoa
\

[ et

!

Support by Donating
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Solution. The wvibration of the string is given by:

+F T ¥
a a'y
e P lx)
ct cx
As the end points of the string are fixed, for all time.
¥(0,£)=0
and yil.t)=0 B X
Sinee the initial transverse veloeity of any point of the string is zero. therefore.
5] =0
\ ot 1=
. . TX
Also y(x0) :”“—'mT

(1)

2
.(3)

Now we have to solve (1). subject to the above boundary conditions. Since the vibration of

the string is periodic, therefore, the solution of (1) is of the form

y (x, £) = (C, cos px + C, sin px)}(C; cos C pt + C, sin C pr)
Bv(2) y(0.t) =G (Cieos Cpt+CysinC pt)=0

For this to be true for alltime. C, = 0.

Hence y(x.1) = C, sin px(C; cos Cpt + C, sin Cpt )
and %:C: *_t.i_r_!Lch[Cjl (—CpsinCpt)+C, (Cp costt}j
[' ¢ . s L
By (4) — | =€, sinpx(C,Cp)=0
Ot
Whenee C,C,.Cp=1

If C,=0.(7)will leadto the trivial solutiony (x, £)=0.
;. the only possibility is that C, =0
Thus (7) becomes
y(x, t)=C,C, sin pxcosCpt
If y=jthen y=0.0=C,C,sm p [cosCpt. for allt.

Since C,and C, #0.wehavesmp =0 - pl =nnx

https://alllabexperiments.com

.(6)

A7

(8)

B.Sc. (Hons) Sem.-3 Support by Donating
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nm
ie. P= 3 ;where n 15 an integer.

I
Hence (8) reduces to

y(x.t)=C,C, sin%cos mrICr (9)

Finally mmposing the last condition (5). we have

o

v(x.0)=C,C, si.n? =asin

which will be satistied by taking C.,C, =a andn=1
Hence the required solution is

't

T

Proved.

. X
y(x,t)= @sin—-= cos

Q6: The vibrations of an elastic string is governed by the partial differential
equation

gu  8wu

&r°  éxt

The length of the string is  and the ends are fixed .The initial velocity is zero
and the initial deflection is u (x, 0) = 2(sin x +sin 3x).Find the deflection u (x,

t)of the vibrating string fort 0.

Solution. C; H = C f Support by Donating
ol — o
= u = (¢ cos pt+c, sin pt)(c; cos px+ ¢, sin px) A1)

Onputtingx=0,u=0in(1).we get
0=(¢ cos pt+c,sinpt)e; =>e; =0
On putting ¢; =0 in ( 1).itreduces
u = (¢ cos pt+c,sin pt)e, sin px ol 2)
On putting x = 7 and u=0m (2), wehave
O=(gcospt+c,smptic,smpmn
sin P =0=sin nx n=1234.

L PR =pm or p=n
On substituting the value of p in (2), we get

u =|c cosnt+c, smnaf |c, SINAX -(3)
On differentiating (3) wrt. “t”, we get
https://alllabexperiments.com
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du ; :
—=|—¢, nsmat+c, RCosnut jc, smux A

dt

du
On puttmg E=ﬂ, r=01m (4) we have
0=(cn)(c,sinnx)=¢, =0
On putting ¢, =0, (3) becomes

u=|¢cosnt)(c,smnx) .
Support by Donating

U =c,c, COShi s Nx -A5)

given u(x,0)=2 (sinx + sin 3x)
On putting r =0 1n (5), we have

u=(x0)= cc,smnx

2 (sin x + sin 3x) = ¢, SN Ax
4sin 2xcos X = ¢, SN AX
c,c, =4cosx 2=n
On substituting the value of c,c, andn=2,(5) becomes

u{x,t)=4cosxcos2tsin2x Ans

Q7: Solve the wave equation by D’Alemert’s method

52 =2
Gy il
y_ 28

ét’ x
Sol: let the given equation be (1)
Now Let us introduce the two new independent variablesu=x + ct,v=x - ct
So that y becomes a function of u and v
9 IHGD Dy D2, P
cx oSudx ovaox ou cv cu

-

()

https://alllabexperiments.com

[ ¥

v aievy (8 \

e 53’|=|i;‘:‘”5-"_;’]

ox- oy \Su ov)iou ov)
g(éy oy\ e(oy ov) & ¢’y &y
=f[+++]+flf++j= G e (2)
cu\cu ov) ovicu v ou cucv  ov-

B.Sc. (Hons) Sem.-3 Support by Donating
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ct 1 g
&y _i[ oy fl’i_ijcfg_ﬂl https://alllabexperiments.com
S = . ) a) ] o
T L ‘5 .
¢ SR Lo vl Y support by Donating
:(8Y _,8y 8y
o(22.22.,29) .
cu cucv v
o &y &y .
Substituting the values of o and o from (2) and (3) 1n (1), we get
e ¢
(a2 2 =2 -2 2 2.0 =
|22 +=2 ]=czl‘1}{+2—?{”+? or —£ =0 4)
ar iy \ar div o cucy
_ ay
Integrating (4) wrtv, we geta— fw) ()

where flu) 1s constant in respect of v. Again integrating (5) w. .t ‘u, "we get

y = [ f)du+y()

where w (v) 15 constant in respect of

¥ = d(u)+w(v) where d(u) = j f(u)du
= y(x,D=¢(x+c)+wy(x—ct)
This 1s D" Almberts solution of wave equations (1)

To determine .y let us apply initial conditions. y (x,0) = f(x) and % =0 when r=0.
Differentiating (6) w.r.t. “t", we get

Yo .
Cr_c¢(x+cr) oy (x—c1)

Putting%=ﬂj and ¢ = 0 in (7) we get 0=ct (x)—cw (x)

= Y=y (x) = dx)=yx)+b
Agam substituting y =f(x) and r = 0 m (6) we get

FO =0 +y() = ) =[y@)+b]+y(x)
= f(x)=2y(x)+b

B.Sc. (Hons) Sem.-3
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Again substituting y = f(x) and 7 = 0 1n (6) we get

fE) =) +w(x) = f(0)=[wx)+b]+y(x)
= f(x)=2y(x)+b

so that W(x) == [(0)~B] and 6() == (0) +2]
On pumngLﬂJe values of {(x +c1) and y(x—ct) n(6), we get

y(x.n) = %[f{x+ ct)+b] +§[f(x —ct)—b]

= y(x,0) =§[f{x+ c‘r):—f(x—cr)] Ans.

Q8: A rectangular plate with insulated surfaces is 10 cm wide and so long
compared to its width that it may be considered infinite in length without
introducing an appreciable error. If the temperature along the short edgey =0
is given by

u(x,0)=20x,0<x 5

=20(10-x),5<x<10

while the two long edges x = 0 and x = 10 as well as the other short edges are
kept at 0°C.

Find the steady state temperature at any point (X, y) of the plate.

Sol: In the steady state, the temperature u (x, y) at any point p (x, y) satisfy the
equation

C” b E“ _0 https:/alllabexperiments.com
7l )
Sl - Y (1) |
The boundary conditions are Support by Donating
u(0, y) =0 for all values of y -~
u (10, y) =0 for all values of y . E))
u (x, ) =0 for all values ofx @
ulx,0) =20x 0<x<5
=20 (10—x) 5<x<10 (5
Now three possible solutions of (1) are
u = (C, ™ + C, e?)(C, cos py + C, sin py) (6}
u = (C5 cos px + Cg sin px) (C; ™ + Cg &™) AN
u=(Cyx+Cpp)(C;y+Cp) .(8)

Of these, we have to choose that solution which 1s consistent with the physical nature of the
problem. The solution (6) and (8) cannot satisfy the condition (2), (3)and (4). Thus, only
possible solution 15 (7) i.e.. of the form.

B.Sc. (Hons) Sem.-3 Support by Donating
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u(x, y) = (C, cospx + C, sin px) (Cy ¥ + C, &) (9
By (2) u(0.y)=C(C,e™ +C,e™)=0 for all values of y
;=0
(9) reduces to u (x, y) = C, smpx (C; e + C, 7)) ..(10)
By (3)u(10,»)=Cysm 10p (C,e” +C,e™™) =0 C, =0
snl0p=0 = 10p=nmn = P=%

Also to satisfy the condition (4) e u=0asy —x
C;=0
Hence (10) takes the form u (x, y) = C, C s px e ?
= u(x,y)=b, smpxe? where b = C, C,

The most general solution that satisfies (2), (3) & (4) 1s of the form

u(x,y)=> b, sin pxe™ (5
Hml
_ = ; Hi
Putting y =0, u(5 0)=2 bSmpr . ‘whereP=1o
A=l

This requires the expansion of u 1n Fourier series in the interval x = 0 and x = 5 and from
x=5tox=10

2 -
B l!; 20x sin pxdx —EJ:DZU (10— x)sin pxdx
10 10 https://alllabexperiments.com

5 4 10 :
b, =4Jn xsin pxdx +4."5 (10—x)sm pxdx Support by Donating
P iy a _x 7 =10
=4{x[ =He |—(1)[ — H +4{(1{}—le o8 px —(—1)| e e U
L ) P ] ‘ P ! o i, P J \ P ‘s
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=4_—5Cl}55p+Siﬂfp:|+4|:{}_siﬂ12ﬂp_5C055p+51ﬂ?p:|
. P P r P P
_Zsiuip sinl0p ( ni |
=4 3. 2 :| [P =_1
. P P \ 10
[ HT ni |
Asmo. o maldo cl 800 . ne 4600
=4 = — = Rl R
nm nom nom 2 mx
100 100
800 . . 800 .. . . —1)"'800
=,—ﬁ_smﬂ=ﬂlfn15ﬂ'en_=: —— ifnisodd. or E:-;,:L2¢
nm 2 B i (Zn—1)"m"

On putting the value of b, 1n (5) the temperature at any point (x,y ) 1s given by

3{:;0 - (—1}”‘1 i (27D 67'11’”;;‘“*’:

n S(2n—1) 10

Q9: The diameter of a semicircular plate of radius a is kept at 0°C and the
temperature at the semicircular boundary is T° C. Find the steady state
temperature in the plate.

Sol: Let the centre O of the semicircular plate be the pole and the bounding
diameter be as the initial line. Let u (r, ) be the steady state temperature at
any point p (r, ) and u satisfies the equation

L E%u  du u
A +F—+ =0

ert > 'or, 06’ https://alllabexperiments.com

ux, y) =

The boundary conditions are

(1) u(r,0)=0 0<r<a

Support by Donating
(i) u(r,m)y=0 0=r<a
(i) u(a,0)=T.
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From conditions (ii) and (iii), we have u#—0as r— 0. Hence the appropriate solution

of (7) 1s as solved 1n example 15.
u=(c, r’+c,r¥)c, cospi+c,sin ph)
Putting u (v, 0) =0 1n (2), we get
0 =(e,r? +c, v F)ey - ¢; =0
(2) becomes
u=(cr* +c,r ¥ )c,smph
Putting u(7,m) =01n (3), we get
0=(cr? +c,rf)e,smpn=smpn=0=snnn
= pi=nn = p=n
(3) becomes, on putting p=n
u=(cp" +e,7 "), smnf
Since, u =0when r=0
0=rc
(4) becomes, u =c,c,r" sinnd
The most general solution of (1) 1s
u(r,0)= ib,,r" sinnf
Putting r = a and u = NTI in(5), we have

- =1

Fit Efﬁl‘nﬂ" simnnf
=1

Support by Donating

By Fourter half range series. we get

2 0% . 2_(-cosnB) 2T
ba" == [ Tsinn8do="1| "2 | == (-1 +1]
50 T H Jg  HT
bna" =0, When 7 15 even
= 4T .
ba = —, When # 1s odd.
HIT
4T .
= b, = — https://alllabexperiments.com

Hence, (5) becomes

s s
u(r,a)=£(”“sme+(“”3 SESGLMSE56+_":|
x| 1 3 5

(2

..(3)

(4

.(5)
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