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Thermodynamic Potentials: Enthalpy, Gibbs, Helmholtz and Internal Energy
functions, Maxwell’s relations and applications - Joule-Thompson Effect, Clausius-
Clapeyron Equation, Expression for (Cp— Cy), Cp/Cy, TdS equations. (10
Lectures)
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Que 1: Give Mathematical expression of Thermodynamic Potentials: Enthalpy,
Helmhotz Free Energy and Gibb’s Free Energy.
Ans:

e Enthalpy
H=U+PV

When there is no heat exchange (i.e. d@Q = 0) and the external force is
constant (i.e. P = const),

dH =dU + PdV + VdP < dU —dW = 0.

where the equality corresponds to quasi-static processes (i.e. dW = —PdV).
Then, it is convenient to express H as a function of S and P since

dH =TdS + VdP.

e Helmholtz free energy Support by Donating
A=U-TS

When there is no external work (i.e. dWW = 0) and the temperature remains
constant (i.e. T' = const),

dA =dU — S5dT —TdS < dU — d@ = 0.

where the equality corresponds to reversible processes (i.e. dQ = TdS).
Then, it is convenient to express A as a function of V' and T since
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dA = —PdV — §dT.

e Gibbs free energy
G=U-TS+ PV

When the external force (i.e. P = const) and temperature (i.e. T = const)
remains constant,

dG =dU—-SdT'—-TdS+PdV+VdP = dU—-TdS+PdV < dU—dQ—dW = 0.

where the equality corresponds to reversible (i.e. d@Q = TdS) and quasi-
static (i.e. dW = —PdV') processes. Then, it is convenient to express G as

a function of P and T since

dG =VJP - SdT Support by Donating

Que 2: Derive Maxwell’s four Thermodynamic Relations.
Ans:

The Internal Energy For a hydrostatic system the combined first and second laws

of thermodynamics give
db =TdS — PdV

[f one considers F to be a function of S and V' (1ts “natural’ vanables), then one can

expand it as an exact differential.

OF OF
dE(S,V) = (—) dsS + (—) dV
a5 . V' )4

T’ P

Since this 1s an exact differential

w((@)). = ()
av\\as),), — as\\av /),

J
P1a ( 1 ) 4 7 ( ) " alllabexperiments.com
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Similarly,

Helmholtz Free Energy

dF

dF

=

Enthalpy

dH

dH

And

H=E+PV

Chapter-2

=10y

d(E —TS)
TdS — PdV — TdS — SdT
—SdT — PdV

TRy T'&V natural variables

a8

(o).~ (o),
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d(E + PV)

TdS — PdV + PdV + VdP
TdS +VdP

H(S, P)

(or). =

S& P natural variables

),

vV
ai-g
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Gibbs Free Energy

dG =

dG =

Chapter-2

G=804+PU T8

d(E + PV —TS)
TdS — PdV + PdV + VdP — TdS — SdT
—SdT + VdP

G, P) T'& P natural variables

),
OF | o an;

The above four equations are collectively known as Maxwell’'s Thermodynamics

relations.

Que3: Explain Joule-Thomson effect for Ideal and Real gases.

Ans:

By the Joule-Thomson effect we refer to a change in the temperature of a gas which

occurs during adiabatic expansion of gas through a throttle from high pressure p; to lower

pressire po. We will now calculate this change in temperature. Similar to the Joule effect,

this 1s an irreversible process.

Assume that before the expansion, the gas occupies volume Vj, after the expansion -

V5. We can think of the system as having two pistons, one at each side of the throttle, that

keeps the pressures p; and py constants (see Figure 4).

alllabexperiments.com
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Throttle
///////////////A
g P1, T1 - PZ; 2
=ic reales | 12 4_{
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14— . 2= sOn expansi 0 a throttle. e t i S ensure stant
Fig. 4.— The Joule-Thomson expansion through a throttle. The two pistons ensure constant
pressures on the two sides of the throttle.

The work done on the gas by the pistons is

0 Vs
W= [ pdV = [ dV = —p(0=Vi) ~paVa = 0) =pa¥i — Ve
X 0

i

The device 1s thermally isolated. Thus, from the first law AE =Q +W =W, or

Ey — Ey = p1Vi — paVa
Ey +psVa = Ey +pi V.

Recall the definition of the Enthalpy, H = E + pV'; Equation 42 is simply H; = Hj. Thus,
the Joule-Thomson process conserves the enthalpy - it is an isenthalpic process.

We can now repeat similar calculations to those used in calculating the temperature in
the Joule effect (Equations 30 - 36), but with H replacing E and p replacing V. We use
dH(T,p) = 0; The temperature T and the pressure p change during the process, and so

oH ) (E)H )
( ar /4 dp ) r
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we can define the Joule-Thomson coefficient.

- (&),

o)),

The denominator in above equation is

(30,5, (3),- ),
ar ), \ar ), or), ~\or),~ "

from which ) i
o 1 oF 5 d(pV)
. Cp dp T dp £ i '

We can write the numerator using the fundamental relation:

dE = TdS — pdV

dS = dE+ FdV
= 2dH — %dp.
Let us substitute in:
5 = (%), 40+ (), a0
dH = (%) dp+ (%), dT

Equating coeflicients of dT', dp, one gets
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cross-differentiate (9%2S/(dpdT) = 9*2S/(0Tp)) and simplify, one gets

oH _v_T AV
ap ) a ar p’
from which we obtain
1 aV
yvip=— |T [ = -V
A R

For an 1deal gas, ayp = 0; thus, the temperature of the gas doesn't change. However.
even for non-ideal gas. ajr = () provided that

1% Support by Donating
g (ﬁ) =i
P
Equation above defines a curve in the T — p plane (see Figure 5): this curve is known as
inversion curve.

Also plotted in the figure are isenthalps, curves of constant enthalpy.

Inside the inversion curve, T increases with p along isenthalp, and thus a 7 = (97 /d,)g > 0:
the gas cools in expansion. Outside the inversion curve, ayr < 0. and so the gas warms up
in expansion. Above a certain temperature, 7;, known as the inversion temperature, the
gas 1s always outside the imversion curve, and thus 1t is always warmed in Joule-Thomson
expansion. For most gases, T; is above roon temperature.

alllabexperiments.com
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-
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Tempergiyre T ——o

r Invers:on Curve

Pressure P —»

Fig. 5.— Inversion curve in the T-p plane is shown in bold. The solid lines are isenthalps
(=curves of constant enthalpy. H(p.1') = Const). Inside the inversion curve, 7' increases
with p along isenthalp, while outside it decreases.

Calculation of temperature change during Joule-Thomson expansion is done using

5 e
AT:TQ—CD:/ (f) dp
P1 ()p H

This is difficult to evaluate analvtically. since non-ideal gases often do not have a simple

relation between 7" and p. But this equation can easily be solved numerically.

Que 4: Explain Clausius-Clapeyron equation and derive it using thermodynamic
arguments.

Ans: The Clausius-Clapeyron equation relates the latent heat (heat of transformation)
of vaporization or condensation to the rate of change of vapour pressure with
temperature. Or, in the case of a solid-liquid transformation, it relates the latent heat of
fusion or solidification to the rate of change of melting point with pressure.
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Let us imagine a vapour in equilibrium with its liquid held in a cylinder by a piston, at a
constant temperature — namely the temperature at which the liquid and vapour are in
equilibrium - that is to say, the boiling (or condensation) point for that pressure. We
imagine the piston to be pulled out, at constant temperature; liquid evaporates and the
pressure remains constant. If the piston is pushed in, vapour condenses, at constant
temperature and pressure. During this process the pressure and temperature remain
constant, so the Gibbs free energy of the system is constant.

Let G1 be the specific Gibbs free energy for the liquid

and G2 be the specific Gibbs free energy for the vapour

Suppose that a mass dm of the liquid vaporizes, so that the Gibbs free energy for the
liquid decreases by G1dm and the Gibbs free energy for the vapour increases by
G2dm. But the Gibbs free energy for the system is constant. This therefore shows that,
when we have a liquid in equilibrium with its vapour (i.e. at its boiling point) the specific
Gibbs free energies of liquid and vapour are equal.

H -15, = H, - TS,

alllabexperiments.com
s, -S)=H,-H,,

in which the enthalpy and entropy are specific. The left- hand side is the specific latent
heat of vaporization, and we know that this is equal to the difference in the specific
enthalpies of liquid and vapour. The equality of the specific Gibbs free energies of liquid

and vapour can also be written

U, - TS, + PV, = U, — TS, + PV,,
(S, -S) = (U, -U,) + PV, - T,).

This shows that the latent heat of vaporization goes into two things: To increase in the
internal energy upon vaporization (especially the increase of potential energy as the
molecules are pulled apart from each other) and the PdV work done against the
external pressure as the volume increases. Thus we could divide the latent heat into an
internal latent heat and an external latent heat.

10
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In the foregoing, we imagined that some liquid vaporized as we withdrew the piston.
Now let us imagine that we cause some liquid to vaporize as we add some heat at
constant volume. The specific Gibbs free energies of liquid and vapour both increase,
but they increase by the same amount because, as we have seen, when a liquid and its
vapour are in equilibrium at the boiling point, their specific Gibbs free energies are

equal. Thus

—8,dT +V.dP = —8,dT + V,dP,

ar 5 -5

ar  Fm Rl

The left hand side 1s the rate of increase of vapour pressure with temperature, while
S, =S, 1s equal to L/T, where L 1s the specific latent heat of vaporization. Thus we

arrive at the Clausius-Clapeyron equation:

dP L

T~ T, -V,)
alllabexperiments.com

Que 5: At 100 °C the rate of increase of vapour pressure of steam is 27.1 mm Hg
per Celsius degree, and a gram of steam occupies 1674 cm3. What is the specific

latent heat of vaporization?

Answer: L =T, - Vl)d_P.
- dT

T=2373.15K. V>, —V; = 1.673m’ kg .

dP

S = 136x10*x981x271x107% = 3.616 Pa K™
dT

Hence L =226x10°J kg™,
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Queé6: Derive all three TdS equations.
Ans: First TdS equation

Chapter-2
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Consider,
S§=S(T.V)
ds :(a_sj dT +(£J dv

or ), av ),

or,
TdS = T(ﬁj dT+T(£J dv

arT J, av ),

Now,
dQ = dU + pdV =TdS

and,

&~1(z)
arT ),

where C, is the heat capacity at control volume ( kJ/K).

Hence,

TdS:T(?—SJ dT +C,dV
oT ),

Therefore, applying the third Maxwell relations,

TdS = T(a—p] +C, dV
ar ),

Second TdS equation Support by Donating

Again, let us consider
s=S(T.p)

TdS=T(a—S) dT +T 6_5 dp
or ), ap ),

Now,

(3]
er ),

where, C, is the heat capacity at constant pressure (kJ/K).
Therefore, applying Maxwell’s fourth relation,

12
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TdS =C dT—T(a—V) dp
’ or ),

Third TdS equation

Let,
§=5(V.p)
Hence,
TdS=T[a—S) dV +T L dp
ov ), op ),
Now,
(avj (as) (aTJ
— | x| — ]| x| — ] =1
o8 J, \or/, \oV ),
N =
V), \eT /)y \éV ),
or,
r(8) (%) (2)
ov ), or ), \oV ),
Again,
r[ﬁj —c
or ), 4
() ()
oV ), "\av ),
Again,

(6})] ’as] oT

— | x| —| x| — ]| =1
as ), \oT ), \ op ),
BREEES
apJV or ), \op L
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or,
o
op ), or J, \op ).
(25
oT ),
(%) -o(%)
op ), op )y

17dS =C, [?—T] dp+C, (6_T) dv
ap ), ov ),

But,

Que 7: Derive Cp — Cv using Maxwell and TdS equations.
Ans:

From the first and second T —dS relations we can write,

TdS:T[@‘iJ +C, dvzc,dr—r[ﬂj dp
ar Jy f or ),
or,
(C,wc‘,)dT=T(a—V] dp+T[5—p] dv
; or ), &t ),
or,
deT[a—V} dp+T[a—p) av/(c,-c,)
or |, or ), ’
Again,
dT:[a—T] av+ L\ ap | T=T(V.p)]
ov /, ap ),
or,

Equating the coefficient of dV

Support by Donating
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. (ap) (ev
C,-C, = T[Efl, [gl alllabexperiments.com
Similarly,

Hence,
e (] ()
i oT ) ,\oV );

Following Interpretations can be made from above equation,

; vy . = 0 .
1. Since (a_T] is always positive and (%) for any substance is always
P

.
negative, the difference of specific heats (C,, —CV) is always positive.
2. AsT >0, C,—C,.Inother words, C, =C, at absolute zero temperature.

3. When (f—v) =0, then C, =C,

arT /,

4. Foran ideal gas, pV =mRT

op mRT
Hence, C,-C,=mR
or, C —-C =R

Support by Donating
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