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Chapter-4 

Orthogonal curvilinear coordinates 

 
 

ORTHOGONAL CURVILLINEAR COORDINATES 

 
SPHERICAL COORDINATE SYSTEM 

 
CYLINDRICAL COORDINATE SYSTEM 

 
 

Q1: 
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Sol: We know that 

 

 

    

 

 
 

Q2: Derive an expression for curl of a vector field in orthogonal curvilinear 

coordinates. Express it in cylindrical coordinates. 

Sol: The cartesian orthogonal coordinate system is very intuitive and easy to 

handle. Once an origin has been fixed in space and three orthogonal scaled axis 

are anchored to this origin, any point in space is uniquely determined by three 

real numbers, its cartesian coordinates. A curvilinear coordinate system can be 

defined starting from the orthogonal cartesian one. If x, y, z are the cartesian 

coordinates, the curvilinear ones, u, v, w, can be expressed as smooth functions 

of x,y, z, according to: 

  
These functions can be inverted to give x, y, z-dependency on u, v, w: 
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There are infinitely many curvilinear systems that can be defined using 

equations (1) and (2). 

We are mostly interested in the so-called orthogonal curvilinear coordinate 

systems, defined as follows. Any point in space is determined by the 

iﾐterseItioﾐ of three “┘arped" plaﾐes: 
 

                  
 

We could call these surfaces as coordinate surfaces. Three curves, called 

coordinate curves, are formed by the intersection of pairs of these surfaces. 

Accordingly, three straight lines can be calculated as tangent lines to each 

coordinate curve at the space point. In an orthogonal curved system these three 

tangents will be orthogonal for all points in space (see Figure 1). In order to 

express differential operators, like the gradient or the divergence, in curvilinear 

coordinates it is convenient to start from the infinitesimal increment in 

cartesian coordinates, 
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Curl of a vector A in spherical cordinates 

                                                                 

                    

                        

 
 

Q3: 

 
Sol: 
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Q4: Given 
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Sol:  

 

 

 

 
Q5:  

 
Sol:  
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Q6: Find the curl of the vector 

 
Sol:  
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Q7: Find the nature of the following fields by determining divergence and curl. 

 
Sol:  

 
Divergence exists, so the field is non-solenoidal. 

 
The field has a curl so it is rotational. 

 

(ii) In cylindrical coordinates, 

 
The field is non-solenoid. 
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It has non-zero curl so it is rotational. 

Q8: 

 

 

   
Sol: In cylindrical coordinate system 

  

  
In figure on curve cヱ,Ф ┗aries froﾏ ヰ to ヲπ , r = b and dr = 0 

  
In figure on curve cヲ,Ф varies from 0 to -ヲπ , r = a and dr = 0 
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Q9: Use spherical Ioordiﾐate systeﾏ to fiﾐd the area of the strip α ≤ ϴ ≤ β oﾐ the 
spheriIal shell of radius けaげ. CalIulate the area ┘heﾐ α = ヰ aﾐd β =π. 
 

 
Sol: Sphere has radius けaげ aﾐd ϴ ┗aries Het┘eeﾐ α and β. For fixed radius the 

elemental surface is 

 

 
Q10: Use the cylindrical coordinate system to find the area of a curved surface 

on the right circular cylinder having radius = 3 m and height = 6 m and300 ≤Ф≤ 
1200. 
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Sol: From figure, surface area is required for a cylinder when r = 3m, z = 0 to 6m, 

 
In cylindrical coordinate system, the elemental surface area as scalar is 

  
Taking the magnitude only 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 


