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Chapter-4
Orthogonal curvilinear coordinates

Orthogonal Curvilinear Coordinates:
Orthogonal Curvilinear Coordinates. Derivation of Gradient, Divergence, Curl and

Laplacian in Cartesian, Spherical and Cylindrical Coordinate Systems. (7 Lectures)

ORTHOGONAL CURVILLINEAR COORDINATES
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SPHERICAL COORDINATE SYSTEM
x = pcos®, y = psingd, z=z

where 020, 05 < 277, —wW< z<©

u&p=1, h¢=p, .&3':1
CYLINDRICAL COORDINATE SYSTEM
x = rsinf cosep, y = rsinf singp, z = rcosé

where r>0, 0<¢p<2m, 0L80<7

liA

he =1, h, =r, hgy=rsinf

Q1l:

If u, v w are orthoeonal curvilinear co-ovdimates, show that —. —. — and
' GIE OV GW

Viu. Vv, Vw are reciprocal svstem of vectors.
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Sol: We know that
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Similarly. dv Vi, Vv, Vwl| ow A |V, Vv, V)
o, ar dr dr _ : ;
This shows that —. —. — and Vau Vv, Vi form reciprocal system of vectors, Proved.
oo v oM

Q2: Derive an expression for curl of a vector field in orthogonal curvilinear
coordinates. Express it in cylindrical coordinates.
Sol: The cartesian orthogonal coordinate system is very intuitive and easy to
handle. Once an origin has been fixed in space and three orthogonal scaled axis
are anchored to this origin, any point in space is uniquely determined by three
real numbers, its cartesian coordinates. A curvilinear coordinate system can be
defined starting from the orthogonal cartesian one. If x, y, z are the cartesian
coordinates, the curvilinear ones, u, v, w, can be expressed as smooth functions
of x,y, z, according to:

w=i(z,y,;2)

b=, 9,5 (1)

W= wlE,y, 2)
These functions can be inverted to give x, y, z-dependency on u, v, w:
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T )
y = y(u,v,w) (
2 =z(u,v,w)
There are infinitely many curvilinear systems that can be defined using
equations (1) and (2).
We are mostly interested in the so-called orthogonal curvilinear coordinate
systems, defined as follows. Any point in space is determined by the
intersection of three “warped" planes:

b

U# = const : v = const ; W = Cconst

We could call these surfaces as coordinate surfaces. Three curves, called
coordinate curves, are formed by the intersection of pairs of these surfaces.
Accordingly, three straight lines can be calculated as tangent lines to each
coordinate curve at the space point. In an orthogonal curved system these three
tangents will be orthogonal for all points in space (see Figure 1). In order to
express differential operators, like the gradient or the divergence, in curvilinear
coordinates it is convenient to start from the infinitesimal increment in
cartesian coordinates,

u=const

v=Uonst

Ww=const

Figure 1: In this generic orthogonal curved coordinate system three coordinate surfaces meet at
each point P in space. Their mutual intersection gives rise to three coordinate curves which are
themselves perpendicular in P.
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dr = (dr,dy,dz). By considering equations (2) and expanding the differential dr, the following
equation can he obtained: {

dr = %du + %di' + %dw (3)
dr/Ou, Or/0v and dr/0w are vectors tangent, respectively, to coordinate curves along u, v
and w. in P. These vectors are mutually orthogonal. hecause we are working with orthogonal
curvilinear coordinates. Let us call ey, e, and ey, unit-length vectors along dr/du, dr/dv and
dr /0w, respectively. If we define by hy,, hy and hy, as:

i or CAOr _|or n
W= By =0 = e
then the infinitesimal increment (3) can be re-written as:
dr = h,due, + h,dve, + h,dwe, (5)

Equation (5), and associated defnitions (4), are instrumental in the derivation of many funda-
mental quantities used in differential calculus, when passing from a cartesian to a curvilinear
coordinate system, Let us consider, for example, polar coordinates, (r,). in the plane. z and y
are functions of r and # according to:

r = rcos(f)
y = rsin(f)
To derive the correct expression for dr = (dz, dy) we need first to compute by, and hg. From (4)
we get:
" dr Oy e g
= I(f)r’ f)rr)‘ = \/COb () + sin“(f) =1
oz dy
=l — = ||= —pa 2 I €O 2: .
hg |(69' 66)‘ \/[ rsin(f)] + [rcos(d)]* =1
Thus, dr is given hy:

dr = dre, +rdfles
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With this result we are able to derive the form of several quantities in polar coordinates. For
example. the line element is given hy:

dl=vdr-dr= \/(dr)2 +r2(dg)?

while the area element is:

dS = hyhgdrdd = rdrdd

For the general, 3D, case the line element is given hy:

dl = Vdr - dr = \/('hud-u.]2 + (hydv)? 4 (hydw)? 6)
and the volume element is:
dV = [(ey - dr)ey] - {[(ey - dr)ey] X [(en - dv)ey]} = hyhphydudedw (7)

For the curl computation it is also important to have ready expressions for the surface elements
perpendicular to each coordinate curve, These elements are simply given as:

dS, = hphydvdw |, dS, = hyhypdudw dS, = hyhypdudy (8)

Curl in curvilinear coordinates

The curl of a vector field is another vector field. Its component along an arbitrary vector n is
given by the following expression:

o M -
WKV]HZA%]EGE_%TV'(& (17)

where 7 is a curve encircling the small area element AS, and n is perpendicular to AS. Let us
start with the w-component. We need to select a surface element perpendicular to e, This is
giver in Figure 3. The contribution to the line integral coming from segments 1 and 3 are
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Uy hydu

—v hydu

computed at v + dv/2. These, added together, gives:

The contribution from segments 2 and 4 gives, on the other hand,

d(hyvy)
v

dudv

vy hypdu

https://alllabexperiments.com

)

Z=n

ti—cef2

u+cui2

v—dv/2

v+dvi2

Figure 3: Surface element for the determination of curl's component along w, in curvilinear

coordinates.

computed at u+ du/2, and

—tyhydv

computed at u — du/2. Adding them together yields

O hyvy)
du

dudv
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From the partial results (18) and (19) we obtain the contribution to the curl we were looking for:

VX V]e, = : [d(h-m) _d(!-s.uuu]]du et [d(h.l.'lrl,) _c)(huvu)]

hyhydude | du il hoho | Ou L

The other two components can be derived from the previous expression with the cyclic permuta-

tion u — v = w — u. To extract all three components the following compressed determinantal
form can be used:

hsey hoey hyey
0/ou 0/dv 00w (20)

Bt Bty Bt

Vxv=

hyhoyhy

Curl of a vector A in spherical cordinates

Vxa =
er rey, 7 sin 6 ey
1 9 9 9

(1))@ sin@) | or o6 o

Ay rAa r sin 9A¢,

! 3 3
Zsin @ [{ae" s dg) = 35 ¢ 9)} o

04 04
{gj - -a—‘-?;(r sing A¢5)} ree + {-%(FAG) _— '—ahét} rsln@ eqs]

Q3:

Fxpresszi —2x ] | vk in evlindrical co-ordinales.
Sol:
x=rcos¢,y=rsing,z=z

R =xi+ U‘ +zk

R =pcosd i +psing | +zk
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If 7. 7., 7 bethe unit vectors al #in the directions of the tangents to the p, 6. z curves respectively,

then
R
'_iﬁ :EE - {:“F'{Ijj res ¢:" = cosdi 4 sing
R ‘Juus" $+sin P
ap
or
"r_q: e :EI} —psingi +pcose ) ST u:l}r: +3in da;
i .fr: p-umi.p} +{[n,muj
it
R
= _ O
CR
&z
? z Z‘r; +_}J£
7 =zi —2pcosd j+psindk
fi = f = (zi —2pcoso ; SN dJﬂ‘I:h{{:{lﬁdH? Fsing f)
= zc:u5¢r 2psing coso
? _IJ = (i — “pmuq,r +p-1n¢|ﬂj (—sindi +L1_"r"st1};]
= —zsind— 2pcos’ o
= jf = {zf—!pcnszbj'-vpsintbﬁh-ﬁf
= psing
== T+ [T, + fi T.. where f = zcos¢ —2psind cosp.
fr=—z sind—2pcos” . [y = psing
Q4: Given

() A =2xy%+zp+yz22. find V- 4 at (2.-1,3)

(ii}ﬁ =2rcos’ @i +3r’ sin :1;5%4:5&'112 ¢z . find V.4

= e

(111) A =107+ 5sin 6. Find V- 4
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Sol:
(1) In Cartesian coordinates Vi g

A, =2xy, 4, =z.4, :Jl-*:2 = 6-2:2_}=+0+23f: 5 AL (23& N

(11) In cylindrical coordinates V - 4 = -

Fxpressxi  2vj o vzk in spherical polar co-ordinates.
Sol:

x=rsinllcosd. y rsinlsing, z = rcosl
R=xi+W + 2k
R = rsinficos¢r +rsin0singy +rcost k
In spherical co-ordinates, 7, 7. T be the unit vectors along the tangenis 1o # 0, ¢ curves
respectively. then
7o OR | o sin B cos df +sin Osin rlg}'+um<H.ﬁ:

r § - o - i 5 "
ok i J{ﬁin Ocosd)” + (sinsin @)™ +cos ()

oF
= sinfBcosor +sinBsing] + cosOk
cR ) ) )
R t I reosOcosdr + reosOsindy — rsin bk

et
‘Eﬂj -f{rcus Deosd) +(rcossind)” +(—rsinb)”
20|
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=coscos d:f +cr:+505iu¢} —sin0k
i
= @  —rsm0sin of +rsm0cosd ;

Iy =7—

e B . s 2
i | \"(—rmnﬁbﬂnd}]z+{r51nﬂunsﬂ.}}"
&

=_sinédi +cosd J

f=xi —2_1:}'+,1.’.‘:IE
= rsin&}msq;f -'rlrsianimpj +r sin[—l'simz_rmstlf;
fi = [T, =rsinOcoséi +2rsinOsingj +r” sinOsindcosO k]
[sin Uc:nsd:f -:-sinl}sin:hj' —-CO8 EH':']

= rsin® 0 cos* ¢ + 2r sin® £ sin* ¢ + #° sin O sin & cos* 0
= rsin® 0 (cos™p + sin” &) — r sin® O sin®d + #'sin U sind cos” )
=rsin®B - psin® 0 sin® ¢ + ¥ sin O sin ¢ cos® O
= rsin? O (1+ sin? ¢) + " sin 0 cos® 0 sin

S = [T, =|rsmOcosdi + 2rsinOsing j +r° sint'isinrbn:ﬂsi'iﬂ:']

|cn5{]cusd:|f +costisin nl_s}'—:-:iu 0k |

= r sin t cos 0 cos” o + 2r sin 0 cos 0 sin® ¢ — »* sin” O sin ¢ cos 0
rsintlcost (1 +sin*¢) —#° sin” 6 cos B sin &

Sy = F Ty =[rsin0cos i +2rsin Osin g +r° sinQsingeosOk| |- singi +cosd]
= —rsinlsing cosd + 2r sinllsing cos b

= psinlsinocoso

f=hT + LT+ AT,
where £ = rsin’ 001 +sin” 8)+r” sinOcos’ Osind
S =rsinOcos{1+ sin” §)—r~ sin” Ucostsind

s =rsindsindcosd
Q6: Find the curl of the vector

:i:[e_’ !}*)é
Sol:
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A=(e"/1rP=4,=04,=(e"/r)4,=0

7 16 rsin 6‘:5
o

— 1 0 c e’ -
TKAI,J—__\— - =——1
Frsné@|or 06 co I3

4. 1rd, rsmé4,
Q7: Find the nature of the following fields by determining divergence and curl.
(i) Fi =30%+2x17 + 5xz22

o

s 150 \a s v
(1) F'2 :( = ];* +10¢ (Cylindrical coordinates)
A i Y
Sol: )

o . . . == @F _OF, @ a0
() F1 =308 4207+ 5x2?2 > V.- Fy =0k~ U ik _ 5y (1562)
ax - Oy &:* i

Divergence exists, so the field is non-solenoidal.

g

- "-v_\' - : = =
. g .
i i o :- 5 a (:‘I e - j‘ i :._n
N % _Fl = = e [ —5:__1’ ‘1‘2*{;
_ _1ox ey 1B -
. 30 2xy 53

The field has a curl so it is rotational.

(ii) In cylindrical coordinates,
. e | 1¢& 1 6F,, &F,. —150
Divergence V- F'» Z——(?'Fz,-}Jr— LA S,

=

ror roop oz -

The field is non-solenoid.




Mathematical Physics — | [Quick Revision Notes] https://alllabexperiments.com

9
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150
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It has non-zero curl so it is rotational.

Qs8:
Given 4 =2r cosgr +r¢$ m cylindrical coordmnates. Find SGA dl +

=

|£-,-:' '—G—..
521..
—

1
where ¢, and ¢, are contours shown in figure.

Y

%
A

Sol: In cylindrical coordinate system

d?:d}'?+}‘d¢;§+&éf* 4 =3Pcos¢ﬁ+r¢5

A-dl= Zi“cﬂS.qM? + :r“zf:‘@

In figure on curve cl1,® varies from 0 to2n,r=banddr=

'J .....

§A dl == 2 dp = ..m}:

QT"
g r=h _.; i
In flgure on curve c2,® varies from 0 to-2n,r=aanddr=
—Ix
§/i dl = j} *dop = —2ma’
=0

r=a
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Q9: Use spherical coordinate system to find the area of the strip a < © < on the
spherical shell of radius ‘a’. Calculate the area when a =0 and B =m.

Sol: Sphere has radius ‘a’ and © varies between a and B. For fixed radius the
elemental surface is

da=(rsin@de)rd0)=r*sin6dode

——‘1'5:1

8
| sin 8d6 =2xa’(cosa —cos B)

_J. 2sin@dBd¢p =2xa’
|;fp=

Ea

Fora =0.8=x.Area=27a’(l+1)=4xa’. is surface area of the sphere.

Q10: Use the cylindrical coordinate system to find the area of a curved surface
on the right circular cylinder having radius = 3 m and height = 6 m and30° <®<
120°.
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Sol: From figure, surface area is required for a cylinder when r=3m, z=0to 6m,
27

3

In cylindrical coordinate system, the elemental surface area as scalar is
da=rdg¢dzr

Taking the magnitude only

30° < ¢ <120° or %59‘}5’

-------

Ixi3 6 o _
A:jda: | J‘rdqﬁd: :3(2—3{—%}@:; Orm?
) .

¢=n/6 = pr &




