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Chapter 3
laplace transforms
Laplace Transforms: Laplace Transform (LT) of Elementary functions. Properties of
LTs: Change of Scale Theorem. Shifting Theorem. LTs of 1% and 2* order Derivatives
and Integrals of Functions, Denvatives and Integrals of LTs. LT of Unit Step function.
Dirac Delta function, Periodic Functions. Convolution Theorem. Inverse LT.
Application of Laplace Transforms to 2** order Differential Equations: Coupled
differential equations of 1% order. Solution of heat flow along semu infinite bar using
Laplace transform. (15 Lectures)

Q: Find the Laplacg transforrp of f(t) defined as
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Q: From the first principle, find the Laplace transform of (1 + cos 2 t).
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Q: Find the Laplace transform of cos? t.
Solution. cos2t=2cos?t—1

i
cos’t = —[cos 2 ¢+ 1]
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Q: Find the Laplace Transform of t /2,
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Solution. We know that L(t" }_

Putn=-

Q: Find the Laplace Transform of t sin at.
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Q: Find the Laplace Transform of t? cos at.

Solution. L(f cosaﬂ—i'f’%l [j:{r &)+ L(re)]
\ / -
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Q: Find the Laplace transform of t sinh at.
Solution. L {sinh at) = — 2 -
s —a
L[t sinhat] —_—[
1 . 2as
= L )
[tsinh ar] = (7 =)
Q: Find the Laplace transform of t? cos at
a
Solution. L (cos at) =———
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Q: Obtain the Laplace transform of

€. sin 4t
i L ) 3
Solution. L (sin4f) =73 =z .L(esmdft) =—
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Q: Find the Laplace transform of

sin 2t
r
Solution. L (sin 2f) =
{ } SE +4
(sin2t) = 2 i
L| J: _z—d'j':z— Iﬂﬂ_l—‘
T g +4 2

Q: Find the Laplace transform of

fo =] ’#dz.
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Solution. L sint =—
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f s +1 :
n t 1
L[ 22 gr="cots
bt 5

Q: Find the Laplace transform of
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Q: Evaluate
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e — .
t

_ 3 13t = 3 3 B
Solution. Lsm3f=— 7 a ;I ‘_dgz[_tan-l'g}

sTH13 t 58 +9 3 i
SRR e
_E tan™ — = cot E
s 3t 4 5+4 4 3
Lie™ =cot™ = tan~
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Q: Express the following function in terms of units step functions and find its
Laplace transform:

i (8, t<2
HAF 16, £>2 -
Sol:
> SN
t [8+0, r<2 ~ All Lab
() Tls-2, t>2 '
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§=\
(0, <2 [0, t<2 ":'
= 8+ =8+(-2)

2 32 L t>2 -.\:
=8—2u (,f =) N ,/
. 8 &~
Lf) =8L(1)~2Lau(-2)=_~2"—

Q: Express the following function in terms of unit step function and find its Laplace
transform:

(E, a<t<b
f@= 0. t=b
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Sol:

Jfl, a<t<bh
f(f=E ‘o rb =E [u(r—a) — u(r-b)]

Lf(r)=E {E —i}

& 5

Q: Express the following function in terms of unit step function:
-1 1<t<2

f) =«

J@ [3-1, 2<1<3

and find its Laplace transform.

Sol:
) :'r—l, l<t<2
| 3=ty Zwt<3
=({t— 1) u(t=1)—u(t=2)] +(3—1) [1 (=2) —u (—3)]
= (r—1)yu(t =1)—(r—Du(r =2) + (3—1) u (r =2) + (r =3)u (+-3)
= (r—1u(r—1)=2(r =2) u(t =2) +(r =3) u(r-3)
5 5 5
Q:
Lf(tyu(t—a) =e*L[f(t+ a)]
Sol:

Lf(6) .u(t—a) =[ € [f() .u(t—a)ldt
=[le* [ ft)u(t—a)|di+] e[ f(t)u(t—a)]ds
= D+jme‘”_f{r}|{1]dr

= j‘:e_"":""”’-f{_}f+a}dv = e"”j:e'“ fly+aldy (t-a=y)
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=e““j:e‘“-f[f+a}dr=e'““Lf{I+a] Proved.
Q: Find the Laplace transform of t2 u (t — 3).
Solution.  .u (r—3) =[(t-3)+ 6(t-3)+ 9]u(t-3)
=(r=3)%. u(t=3) + 6(r-3). u(r-3) + Qu(r-3)
Letu(r=3) =L (r—3)". u(r-3) + 6L(f —3). u(t =3) + 9L u(r-3)

Q: Find the Laplace transform of e t ux(t).

f-‘] I
u_(r)=-
<) II: t>m
0: r<7w
Solution. . () ={
I L]L o=
= u(t—m)
Le™ HH{I}=L€‘2"M{1‘ —q) fir) =&
— —?I"T]-_.f{r—‘—ﬁ] fl;r+H]I|=€—2l!—.x|

= A el )
= 'I:]-_.E .+I]=er:£2r]-_g_r

—|xs+2x ) ]-
=g —
s+2

—m(5+2
€ ks

5+2

Q: Find the Laplace transform of
£3 (t—4).
Sol:
LAS (t—4) =j:e'“r35f_r—4jdr
=4t
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Evaluate _F e '3 (t-2)
Selution. r e Sft=2)e" ="

Q: If f (t) is a periodic function with Period T, then prove that

j e f(t)dr
1-e~7

LLf(r)]=

Proof . L[f{_:]]=fme‘“f{_rjdr
—j e f(t)dt+ j e f[r}dr+[ e f(t)dr+

Substituting ¢ =u+T in second mtegral and t = u + 2T 1in third integral. and so on.

L{_f{I ] | e“*'f{rjldr+J':e'””*"r]f[_u-i—i'"jdu +Jﬂre_:[”+lr}f{r: +2T )du +....
= [Te‘“f{r'}dr+e‘” _‘Je‘”f[u \du + e‘z“"rre“"f{u}du+
Jo : 0 &= 0 S

[ flu)=flu+T)=flu+2T)=f(u+3T)=__]

— e f(n)dr+eT [ f(1)dr+ T[T 1)+

r =¥

= [l—e_ﬂ gty g, [Ic?_“f[r}d.f ‘ lta+a’+a +..= 1
~+0 L 1-a |
| 1 aT —5t \
= 1_€_ET ._||:| (= f“]'df.
Q: Find the Laplace transform of the waveform / \ \
(21) A" Lab
f{r]=|—|,ﬂﬂr53. /
SR ng erlments
| - 1 T s - \ '
Solution. | L[f {f]:| = 1T .[u e f(r)dt "\\ | /
R y
i o
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2oL pon(2)go L 2w =]
|_3_| 1—g 50 \3 ) 1_6353L 5 s _!ﬂ
2 1 [se* " alz ¥ [ e*
3 1—3_35|_ —5 & s 3 1—9_35L - 5
e 2

+
—s(1-€7*) 3s°

Q: Find the Laplace Transform of the Periodic function (saw tooth wave)

f{-’_ﬁ=gfﬂrﬂ«:f-{r. flt+T )= f(t)

1
1 R E—ST

1
1 —E_SI

Solution. L[f(r)]= [ e f(t)dr= fﬂTE_”%df

T » .—.'f!'
= IFIE e tdt = £ S —‘[I,E dr—‘
R T(1-¢~T) —s
Integrating by parts

. | )
B k re _ i B k Te T B e T N 1
T(1-eT) s s |, T(1-T) s s &
—T ' -sT
2 k ” Te _iz[l_e_s_]' )| ke k
T(1-e™") s '

5 {'1 _e T ] Ts?

Q: A semi-infinite solid x > O is initially at temperature zero. Attimet=0, a
constant temperature uo is applied and maintained at the face x = 0. Find the
temperature at any point of the solid and at any time t > 0.

Solution. Let u (x. 1) be the temperature at any point x and at any time . The equation
governing the flow of heat in the solid is given by
A 3
cu_ 1 éu

—=c =0.t=0 (1
ot @x‘}‘ * 1)

The initial and boundary conditions are
=10 when =0 for all x(x=0) . (2)
u = u when x =0 for all 1. . (3)

a
u 1s finite for all x and for all 7. o (4
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Multiplying equation (1) by & * and integrate w.r.t. °t’ from 0 to = .

5 -] ;i
= du _ R it _ s du
J —e Tt dt=c I ——e dt or su=c"

0 ot

0 Ax” dx? {5:]

(77 = Laplace transform of u)

Similarly Laplace transformation of equation (3) gives

H.D.
su=u; when x=0 or u=—

)
Equation (5) 15 an ordinary differential equation and its solution 1s given by
VEN >
T=de® +Be ° i)
According to condition (4). u 1s finite at x — =,
- A=0
'\.-'; T
So (7) becomes u=Be ¢
: : _ u
Using (6) equation i =—2 whenx =0, u,/ s=B
5
&ﬁ
e B
Thus (8) becomes H=—"e ©

5
To get u from 7 . we invert the transformation.

x
u=uﬂ[1—mf1 r] Ans.

oyt

Q: An infinitely long string having one end at x = 0 is initially at rest along x-axis.
The end x = 0 is given a transverse displacement f(t), when t > 0. Find the
displacement of any point of the string at any time.

Solution. Let y (x. f) be the displacement. then wave equation is

ar 3
8y L0y
|

px* ér’ A1)
subject to the conditions
oy,
y(x.0)=0 (2 ?}tx-ﬂ)=0 513
v(0.0=f(1) . (@ ¥ (x. 1) 15 bounded s)
On taking Laplace transform of (1). we have
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ox” ct
. ¥
57 - 96,0~ L (x,0)= 222 . (6)
() § "
On putting y (x. 0) = 0. %(1’. 0)=0 m (6). we get
3 = ~32
Ly dy i ﬁz[i]_? (7)
dx? '\ N
Laplace transform of (4). 7(0.s)= f(s) atx=10 . (8)
x st
On solving (7). we get y = Adec +Be © 3199
According to condition (5). y 1s finite at x — =0, this gives 4 = 0 so (9) becomes
o
$—Be ¢ . (10)

Putting the value of ¥ (0. s) = f(s) at x =0 in (10). we get f(s)=B

Thus (10) becomes ¥ = f(s): A

To get y from y . we use complex mversion formula

1 a+ix I’E—E.JIE ;
= L
X
Henece J’:f[f_?J Ans.

Q: A uniform rod of length | is at rest in its equilibrium position with the end
x = 0 fixed. At t = 0, a constant force FO per unit area is applied at the free end.
Determine the motion of the rod for t > 0.

Solution. Let ¥ (x. 1) be the displacement in the rod. Equation of motion 1s given by

I>x>0, t>0 (1)
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subject to the conditions

o

~(x.0)=0 13)

¢

yi{x.00=0 P

: Fi
—(.0=—2 .. (5)

y(0.)=0 @ o

where E = Young’s modulus.
Applying Laplace transform on (1) e dé—:: =57 ... (6)
dx”

Eq. (6) 15 an ordinary differential equation and its solution 15

&0 X

Putting y = 0. x =0 from (2) in (7). we get
0=4+B or B =-—A. then (7) becomes

= =
y=A e —e ‘"] .- (8)
1 { f 43 o
Laplace transform of (3) g ATXS . (9)
Differentiating (8) wir.t. ‘x’ we get
dy 5. Ea
S | R e S
dx ¢ c J - (10)
; dy .
Putting the value of % trom (9) in (10). we have
3 &
o _ g% o y-he 1
ES ¢ Eeg I E
e° +e *
Putting the value of 4 in (8) we obtain
Be o _2s 5,
, ol &% —e®  ofy 1-a8 ¢ &f
A R F
ef +eg ¢ T 1te € ef
1
—2z 2si 5
-Fr —x -— —(x-I)
=& l—eg ¢ l+e ¢
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25 25l 5
CF —X - —(I—U
=—g l-e ¢ l—e ¢ +. || xe
Es
_ ¢k -i—“’x 2;3 | -%xu} “(x-1)
3 ZE l—e —& e T+ e (11)
Putting x =/ mn (11) we get
oF 2 2 25D
e ) TR S ;
= . (12)
Applying inversion transformation on (12) we get
Fie 21
y—%f, O<t<— sisi (XD}
c
_Fec, 2Fe(, 20 Ad Al
Y =—tls S — <t<—
F E c c e
: 7 I
Putting — =4 1n (13). we have
[t 0<r<)
P
2= KC :
Q& A<it<2i Ans.

| Af—24 (t— 3 ), where 4 =

_/
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