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Chapter - 2
Vector Algebra

Vector Algebra: Properties of vectors. Scalar product and vector product, Scalar triple
product and their interpretation in terms of area and volume respectively. Scalar and
Vector fields. (6 Lectures)

LAWS OF VECTOR ALGEBRA. If A,B and C are vectors and m and n are scalars, then

. A+B = B+A Commutative Law for Addition

2, A+ (B+C) = (A+B) +C Associative Law for Addition

3. mA = Am Commutative Law for Multiplication
4. m(nA) = (mn)A Associative Law for Multiplication
5. (m+n)A = mA+nA Distributive Law

6. m(A+B) = mA+mnB Distributive Law

Q1l:
If a and b be two unit vectors and o be the angle between them, then find

—* —+

the value of o such that a + b is a unit vector.
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Sol: Let
—3 — —
qu = 5 be a unit vector and AR = b is another unit vector and «
— —
be the angle betiveen g and p .

— — — —
C

It oB = = g + b is also a unit vector then, we have




Mathematical Physics — | [Quick Revision Notes] https://alllabexperiments.com

—* .
joA| =1
_" F
|AB| =1
—* .
[0B| =1

OAB is an equilateral triangle.

T
So, each angle of A OAB is 3

T 2n
Hence «« =171 —— = —
3 3
Q2:
If Aand B are (3, 4, 5) and (6, 8, 9), find AB.
Sol:

AB = Position vector of B — Position vector of A
(6i +8]+9k)—(3i +4j+5k) = 3i+4j+4k

DOT PRODUCT
A+B = |A||B|cos 8, D<b=<w

PROPERTIES OF DOT PRODUCT:

Suppose A, B, and C are vectors and m is a scalar. Then the following laws hold:

(i) A*B=B+A Commutative Law for Dot Products
(i) A-(B4+C)=A+*B+ A-+C Distributive Law
(i) MmA*B)=(mA)*B=A(mB)=(A-Bm
(iv) ici=jj=k*k=1, i*j=j-k=k+i=0
(v) IfA-+B =0andA and B are not null vectors, then A and B are perpendicular.

SOME USEFUL RESULTS
i = (1)1 cos0°=1 Sil]'lilaﬂ}-',}_} =% Bkl
1.7 =(0)(1)cos90°=0 Similardy, j k=0, k.i =0
Q3: Prove
- = = =
a.b =0Db.a
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- - ==
b . a bl|la|cos (—8)

x_; E}| ros B
; b Proved.

Q4: Find the angle between the face diagonals of a cube.
-4

(0.0.1

-=n

A

wall

(0.1.0)
- v

“41.0.0)
Sol: |
The face diagonals 4 and B are

A=15+09+15; B=0%+1p+17

So. > AB=1

Also. jE.E:ABCUSH:JEﬂmsS:cosB :%:} 6 = 60°

Q5: Find the angle between the body diagonals of a cube.
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(0.1.0)
B =y

*#1.0.0)
Solution: The body diagonals A4 and B are

A=%+9-% B=3+7+:2
So. => AB=14+1-1=1
- = 1
Also.—= AB = ABcosﬂzﬁﬁmsBims&:::} Bzcos'i(
3 \

L.rJll—l

CROSS PRODUCT

sin Eir]

—
i

[}

axb =

PROPERTIES OF CROSS PRODUCT

Suppose A, B, and C are vectors and m is a scalar. Then the following laws hold:

(i) AxB=—-(BxA) Commutative Law for Cross Products Fails
(i) Ax(B+C)=AxB+ A xC Distributive Law
(i) MmAxB)=(mA)xB=Ax(mB)=(A xBm
(iv) ixi=jxj=kxk=0, ixj=k jxk=iLkxi=]}
(v) If A xB =0and A and B are not null vectors, then A and B are parallel.
(vi) The magnitude of A x B is the same as the area of a parallelogram with sides A
and B.

USEFUL RESULTS:
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Since ? , ; ,E‘ are three mutually perpendicular unit vectors, then
?<? = }x}=i<f:=0
ixj = ~jxi=k Fxi=-in]
jxk = —kxj=1 and Bxjo—juk
£<; = —?<£’=? ?mf:=—£x;

Q6: Find the area of a parallelogram whose adjacent sides are i —2j + 3 k and
2i+j—4k.
Sol : Vector area of parallelogram =

A ¢
1 -2 3
2 1 -4

(8-3)i —(-4°6)j+ A+ 4k =57 +10]+ 5k
Area of parallelogram = ,j[ 5 41(10)% + :‘,5}2 = Sx{(: Ans.

Q7: Find the components of the unit vector i perpendicular to the plane shown
in the figure.

X
Sol: The vectors A and B can be defined as

- . . = . . . AxB 6x+3yp+2:
A=—x+2v; B:—x+3::>n:_><_: )
|4 B|

—
i

Q8:
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2 2 2 2
show that |AxB| + |A-B| = |al |B].
Sol:
|axB | + |A-B]" = |ABsin@ul*+ 148 cosO|° = 4%8%sin26 + A2B? cos?6

[}

AQBQ = IA12|B12

Q9: Determine a unit vector perpendicular to the plane of A=2i-6j-3kand B =
4i+3j-k.
Sol: A x B is a vector perpendicular to the plane of Aand B.

i k

AxXB = [2 -6 =3| = 15i - 10j + 30k
4 3 -1
AXB _ 15i - 10j + 30k

A unit vector parallel to AXB is

lAxB| V(152 + (=10)7 + (30)°

Q10: Prove the law of sines for plane triangles.
Sol: Let a, b and c represent the sides of triangle ABC as shown in the adjoining
figure:

A

a C

then a+b+c = 0. Multiplying by a x, b x and ¢ x in succession, we find
axhbh = bxec = cxa

i.e. absinC = besind = casinB

sin A sinB _ sinC

= ,em—— =

or
a b c

SCALAR TRIPLE PRODUCT
(B C)=B(Cx4)=C(AxB)
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VECTOR TRIPLE PRODUCT

Ex[gxg)—ﬁ(_ﬁ_ﬁ) C[AB]

Qi1 Fmd the volume of paralleloplped if
=—3:+?;—b.1. b——3r+?;—3?{ mm"c—?:—a;—ﬂc
are the three co-terminous edges of the parallelopiped.

Solution.
—5 —5 . S
Volume = a . (b xc)
- 7 5
=|-3 7 =3 =-321-15)-7(9+21)+5(15-49)
7 =5 -3

=108 — 210 - 170 = — 272
Volume = 272 cube units.

——

Q12: Show that the volume of the tetrahedron having AB ﬁ&, CA as concurrent
C

edges is twice the volume of the tetrahendron having A 5 ﬁ,
edges.

, as concurrent

L — — — :>
Solution. Volume of tetrahendron = E (A+-B).[(B+C)x [C + A]]
L — — — — — — — — — — — _
_{;:.A+ ) [ BxC+BxA+Cx=xC+C=xA] [C x C =0]
=ét‘z§:—]§}| (§¥€—§KE+EKE)
_ 1[5{§<C_‘>}+_}{E‘Tx+]—g(t:’x 4}—5’_} {E’<_."}|—E:"_> {E?xz?} B.(C=xA)]
i
= —[A(BxC)+B.(CxA)]=—A (BxC)
G 3
2

—

= 2 Volume of tetrahedron having A, E s 5 , as concurrent edges. Proved.
Q13: Evaluate
(21 -3j) - [(i +j~k)x3i-k)]
Sol: the result is equal to
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(2i = 3j) - [1x(3i=K) + jx(3i—k) - kx(3i—k)]

(2 =31 - [3ixi — ixk + 3jxi = jxk — 3kxi + kxk]

(2i —3§)-(0 +j~3k —i~3j +0)

(20 =31 (=1 = 2j—3K) = (2)(=1) + (=3)(=2) + (0)(-3) = 4.

]

Q14.
If A=Aji+A,j+Ak, B=Bji+B,j+Bk, C=C4i+C,j+Csk show that
Ay Ay A
A-(BxC) = |B, B, Bs
€. Cy; Cy
Sol:
i i k
A-(BxC) = A-|B, B, B
€, Cp Cg

(Agi + Agj + Agk) *» [(BoCs—~BsCo)i + (BsCy=B1Ca)j + (B1Co~BoC k]

Ik

Ay A; Ag
A1(BoCq = BoCo) + Ax(BgCy— B1Cg) + Ag(B1Co—B2Cy) = | By By Bg
Cy C GCq

]

Q15: Prove that
A-(BxC) = B:(CxA) = C-(AxB).
Sol: from previous question, we have
Ay Az As

A-(BxC) = |By; By Bg
C, C; Cs

By a theorem of determinants which states that interchange of two rows of a
determinant changes its sign, we have
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Ay Ao As B, B. Bj B, B, Bj
By By, Bg = = |4y Ap Ag = C, C GCg = B-(CxA)
Cy C; Cq C, Cs Ca Ay A, Aa
311 Ag Ag Cl CQ Cg C:[ Cg C3
By, B, By| = = 1By By Bg| = |A; Ay A3| = C-(AXB)
C, Co (3 Ay As Ag B, B, Bg

Q16: Find the volume of tetrahedron having vertices

(—j—k), (4i+5j+qk), (3i+9]+4k)and 4(—i+j+k).
Also find the value of q for which these four points are coplanar.
Sol:

Let A — —j_k B=di+5j+qk, C=31-9)j+4k D=4(=1+]+h
AB — B-A=4i+5]+qk —(—j—k)=4i+6j+(q+1)k

AC = C-A=(3i+9]+4k) —(-j-k)=3i+10j+5k

AD = D- E=4(—g—;+k) —(~j-k)=—4i+5j+5k

Volume of the tetrahedron = é [_E AC A_]

1 4 o6 g-+1 .
== 3 10 5 | = =(4(50-25)-6(15+20)+(g+1)(15+40)
_4 5 5

1 (100-210+55(q+1)} = = (-110+55+55)

= (—55+55¢q) = (g—1)

If four points A, B, C and D are coplanar, then (AB AC AD) =0
i.e., Volume of the tetrahedron = 0

- E g-1) =0 = g=1

55
6

Q17: Prove that

— — = — - —F — —

x(bxec)y+ bx(c xn}+c:x(n><E:}=D
Sol: Here ,we have
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ax(Bxc)+bx(exa)+ex(axb)
=[(a . ?}E:—(a b)c]+[(§ ayec—(b. c)a]—[(? B)b—(c a)b]
=[(b. @) e ~(a.b)cl+[(c.B)a—(b.c)al+[(a.c) b —(c.a)b]
—[(a.b)c=(a . B)cl+[b.c)a-(b.c)al+l(c.a)b —(c.a)b]
=0+0+0=0

Proved.




