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Chapter 1
Complex Analysis

Complex Analysis: Brief Revision of Complex Numbers and their Graphical
Representation. Euler's formula, De Moivre's theorem. Roots of Complex Numbers.
Functions of Complex Vanables. Analyticity and Cauchy-Riemann Conditions.
Examples of analytic functions. Singular functions: poles and branch pomnts. order of
singularity, branch cuts. Integration of a function of a complex variable. Cauchy's
Inequality. Cauchy’s Integral formula. Sumply and multiply connected region Laurent
and Taylor's expansion. Residues and Residue Theorem. Application in solving Definite

Intggals. §30 Lectures:

Q1l:
. Find real numbers x and y such that 3x+ 2iv — ix + 5v =7 + 5i.

Sol: The given equation can be written as
x4+ 5y +i2y —x) =7+ 5i.

Then equating real and imaginary parts,
JxSye= Tdy—p=3.

Solving simultaneously,

x=—1,y=2.

Q2: Prove:
(@) z1 + 22 = 21 + 22, (b) |z122] = |z1l|22]-
Sol:

Let z1 = x1 +iv1. 22 = x2 + iy2. Then

(@) Z1i+22=x+iyi+x2+iy2 =x3+x2+ily +¥2)
=xtn—int+wl=xi—ivito—im=xi+tintxativr=nu+12

(b) |ziz2] = [(x1 +iy1)lxz + iy2)| = [xx2 — vy + iley2 + yvixs)|

= (rim —yiy)? + (ay2 + yin)’ = \/(x% )05 +y3) = Jx% +}'§in +y3 = |z1l|z2]

Q3: Prove:
(@) |z1 + 22| = |zl + |z

-
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(b) |z1 + 22 + z3| < |21 + |z2] + |z3ls
(©) lz1 — 22 = |z1] — |z2|

and give a graphical interpretation.

Sol (a):

Analytically. Let zy = xy + iy, 22 = X2 + éy2. Then we must show that

\/(xj +0) + (13 = x37+_v%+\jx% +¥3

Squaring both sides, this will be true if

(420" + O0n + 32 < xf+97 + 2‘/(1’7’ + 3G +32) + 5 +53

Le. it XX +yiy2 = \/(I% +¥1)(x3 + ¥3)
or if (squaring both sides again)

X6 + 2xxapiy2 F315 < 485 + Xy, + G + 13
o 2xxmy1yr < X:;J’% +}’%Xj§:

But this is equivalent to (xyy»2 —,vrgy.)2 = 0, which is true. Reversing the steps, which are reversible,

proves the result.

Graphically. The result follows graphically from the fact that |z;|, |z2], |z1 4+ z2] represent the lengths of
the sides of a triangle (see Fig. 1-14) and that the sum of the lengths of two sides of a triangle is greater
than or equal to the length of the third side.

}."

Fig. 1-14
(b) Analytically. By part (a),
lzi + 22 + |l = o +(z2 +23)] < |21l + |22 +z3] = || + |z2] + |zs]

Graphically. The result is a consequence of the geometric fact that, in a plane, a straight line is the shortest
distance between two points O and P (see Fig. 1-15).
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X
Fig. 1-15
(c)
Analytically. By part (a), [z1] = |21 — 22 + 22| < |21 — 22|+ |z2]- Then |21 — 22| > 21| — |z2|- Anequival-
ent result obtained on replacing z; by —z; is |z + 22| = [z1] — |22l

Graphically. The result is equivalent to the statement that a side of a triangle has length greater than or
equal to the difference in lengths of the other two sides.

Q4: Simplify the following:
@i® (@) il%
Sol: (a)
We divide 49 by 4 and we get
49 = 4« 12+1
Y O LN OO
(b) we divide 103 by 4. we get
103 = 4x25+3
R N

Q5: Multiply:
34 4iby 7 - 30
Sol:
Letzy=3+4iand z, =7 —3i
2y = (BFA0.LT —38)

= 21 — 9i + 28i — 12/
= 21 — 9i + 28i — 12(-1) e d
= 21 -9i+ 28 + 12
= 33+ 19 Ans.
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Qe6: Divide:

I +iby3+4i
Sol:
1+ 1+ 3 — 4

X
3+ 4 3+4 3 -4

Q7:

Huj+b‘;+c3=landb+ic=[£ + a)z.

a+ib 1+ iz

rove that = :
P I+¢ 1-iz
Sol:Here, we have
b+i
btic=(1+a)z = z= d
1+a
b
1. bric |
L+iz l+a 1+a+ib-c
1 —iz 1 b+ic 1+a-ib+c
-1
1+a

[(l+a+ib)—c] (l+a+ib+c) (L+a+ib)y —¢
= =
(l+a+c—-ib) (lL+a+c+ib) (l+a+c) +b°

1+a —b> +2a+2ib + 2iab - ¢ 1 +a° - b =& +2a+ 2ib + 2iab
l+a*+c? +2a+2c+2ac+b° 1+ (a* + b +c2}f2a+25+2:1c
Putting the value of a’ + b’ + ¢’ =1 in the above, we get

_ 1+ a’ - (l—az) +2a + 2ib + 2iab 2a’® +a+ib +iab) _ 2(1 + a)(a + ib) _a+ ib

1+1+2a+2c+ 2ac 2(1+a+c+ac) 21+a)l+c) 1l+ec
Proved.
Qs8:
If z = cos O + i sin B, prove that
2 =1—1itan °
1+ = 2

Sol: Here we have:
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cos B +ismb

i

2 2 2 (l+cos8)—isinb
= == >'f
1+ = 1+ (cos 8 + i sin 6) (l+cosB)+isinB (l+cosB)—isinb
_ 2[(1 + cos 8) — i sin 0]
B (1 + cos 6)° +=in” 8 (1+cos8)” +sin” 6
_ 2 .2
2[(1 + cos 8) —i sin 6] i sin 6 =l+c-:|52El+2c0256+5n1 6
= 2(1 + cos 9) = Tt s B =1+ (sin 8+ cos"8) +2cos O
E”' ‘o) =1+1+2cosH
25i11|—]cu5|;| 0 =2+2cos 6
=1-i - "{E'\'“_"=1—fta11|—] =2 (1 + cos 0) Proved.
2(052|—] \ 2 )
2

V2

Q9: Find the modulus and principal argument of the complex number

1+ 2
1-(1-i)p
Sol: ‘ .
1+ 2i : 2 ' i
£2= l+f: =l+21=1=1+ﬂi
1-(1-14) 1—-(1-1-25) 1+ 2i
1+ 2i o _ -
1_[1_”2 |l—ﬂ'£|= 1- =1
o 1+ 2i .y )
Principal argument of 11—2 = Principal argument of 1 + 0i
— 1 g
= tan_l E = tan_l 0= 0".

Y

Hence modulus = 1 and prineipal argument = 0°.

Q10: Find the smallest positive integer n for which

WM

(1+i

11—

= 1.

Sol:
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l+i 1+il (1-1+2i)
* =1 = E—
1—i 1+i L 1+1
i =1=0G" = n=4

A

Q11: Find the square root of the complex number 5 + 12i.

Sol:
Let o +12i = x+iy (1)
Squaring both sides of (1). we get 5 + 12i = (x + {1-"}2 = {.rz - y’?) + i 2xy (2)
Equating real and imaginary parts of (2), we get
gt = 5 (3)
and 2y = 12 (4)
Now. X+ }!2 = \/{.1'2 - yz}z + 4.1‘33;2 = J{S}z + {12}2
= 25 +144 =4/169 =13
= X+t =13 .(5)
’ 2 15
Adding (3) and (5). weget 2x' =5+ 13 =18 = x= §=J‘3 ==+ 3
Subtracting (3) from (5). we get )’ =13 -5=8 = y= % 1 ==x2
Since, xy is positive, so x and y are of same sign. Hence, x = = 3, y==2
Jo-12i = £3+2 ie (3+2i)or—3+2i) Ans.
Q12:Prove that:
cosB +isin® = ¢°
Sol:
2 2> 2% 2*
g‘=1+{+—!—§—z+ (1)
3 5 7
T e RS -(2)
3t gl !
> '.'"4 '}'6
cosz = 11— —+—— + )
2! 4! 6!
From (2) and (3). we have
2 .4 .8 \ f 53 g8 \
cosz+isinz = 1—‘——i—M——;+...J—.F e
21 41 ! _ \ 1 " Bt
. -2 oY 3
L@ @ G e

1! 21 3!
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Therefore. cosz +isinz = &° .(4)
Similarly: cosz—isinz = e .5
From (4) and (5). we have

cosz = ——— ...(6)

sinz = ——— A7)

Q13: Prove De Moivre’s theorem: (cos©+ i sin®)" =(cos nO +i sin n6©) where n is any
positive integer.

Sol: We use the principle of mathematical induction. Assume that the result is true
for the particular positive integer k, i.e., assume

(cos @+ isin )" = cos k6 + isin k®.
Then, multiplying both sides by cos® + i sin ©, we find
(cos @+ isin )" = (cosk@+ isin k@)(cos 6 + isin 0) = cos(k + 1)8+ isin(k + 1)6
Thus, if the result is true for n=k, then it is also true for n = k + 1. But, since the

result is clearly true forn=1, it must also betrueforn=1+1=2andn=2+1=3,
etc., and so must be true for all positive integers.

The result is equivalent to the statement (&'%)" = ",

Q:14
-{cnsﬂ+fsin 8}5_ ]
Express in the form (x + iy).
. (sinf + i cos B)
Sol:
- R . - g
(cos & +isinf) |cos 8 + 1 sin )
] . kT ; 4
sin B + 1 cos & ol 1. |
( ) (i)*| cos 6+ = sin® |
\ ] .
. RPIPRY (cos O + § =i
(cos 6 +1sind) cos 8 + 156
= = - — 1
lcos 6 - ising * [cos (=8) + i sin (=6)]
Y - ' Y
_ |cos B +ising) _lcos8 +isinf| o 12
= 14 - - __F4—(cosu+r5m6j
[(cos 8 + i sin 8) 7] (cos 6 +isind)

=cos 128 +isn 12 6

Q:15 Solve x*+i=0.
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Sol: Here we have,

4 2 T i b
X =—r=m5——{5m3

2
f 1 T | Y
¥t = ms|2rr?r+—|—:5m|2nrr.——|
) 2] | 2
1

3 " ; I_[I
rus|2:m+ :—fsu1[2n1+?::|

=
Il
—

@lE ey

cos (4n + 1) = — i sin (4n + 1}%

Putting n = 0, 1, 2, 3 we get the roots as

T .. = bm, '\ bm
X; = €05 — —[s5in —, X, = €005 — — 151N —
3 iy 3 3
On .9 137 . . 13m
X; = €0s — —isin—_  Xx,= COS — i 5in ——
3 8 8

Q: 16 Use De Moivre’s theorem to solve the equation x* = x® + x> —=x+1=0.
Sol: x*—x3+x2-x+1=0

(x+1) (x*=-x3+x*-x+1)=0

X*+1=0

x’=—1=(cosm+isinm)=cos(2nm +m)+isin(2nm+m)

x = [cos (2n + 1) it +i sin (2n + 1) n]*/°

(2n+1)m . (2n+ 1)n
5 ————— +isin———

= co —
5 5
When n =10, 1, 2. 3. 4, the values are
™. . ™ am . 3w o i Y
05— + [ 5if1—, 005 — + [ 5l —, COS T+ 5in ©, cO5 — + { 5in —,
5 5 5 5

On . . Om
cos — + { sin —

cos m+ 7 sin m = -1, which is rejected as it 15 corresponding to x + 1 = 0.

Hence, the required roots are

T . . = 3m . . 3m 7m .. Tm 97 . . 9m
C0sS— + § 5in —, 00S — + { S5 —, OS5 — + { 5in —, OS5 — + [ S5in —.
5 5 5 5

Q17: Prove that
(cosh x —sinh x)" = cosh nx — sinh nx.

Sol:
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LHS.

= (cosh x — sinh x)" |
RHS. = cosh nx — sinh nx ) :
_ | oM +2€— mx B o +2€— X | _ zg_zrrx e e
From (1) and (2), we have
LHS = RHS

Q18: Prove that the general value of © which satisfies the equation:

. dmm
(cos B +isinB)cos 28 +isin20)..(cosnB +isinnB)=1i1s ———, where m
win+1)
15 any integer.

Sol:
(cos 8 +ism B)(cos 28 +ism2B).(cosnB+isinnb) =1

(cos 6 +ismn 0)(cos 6 +isin8)..(cos®+isinb) =1
(cos B + i sin ﬁ)lﬁl"*” -1 QD
. n{nr+1) .
(cos B +isinB) 2 = (cos2mm+isinlmn)
nin+1 n{n+1
CDE{T]G—I'SHI%@ =cos2mu+tisinlman
.‘H{”*—l] . 4dmm
—=—0 = TR = B=——7
2 n(n+1)

Q19: Separate the following into real and imaginary parts:
(i) sin (x + iv)

(;r} cos (x + iy)

(71) fan (x + iy)
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Solution. (i) sin (x +iy) = sin x cos w + cos x sin (iy) =sm x cosh y + i cos x sinh .
(if) cos (x +iy) = cos x cos (i¥) — s x sin (iy) = cos x cosh y — 7 sin x sinh y.
sin (x +#y) 2sin (x + iy) cos (X — i)
(i) tan (x +iy) = e : '
cos (X + i)

2 cos (x + #y) cos (x — iy)

_ sin2x+sin(24y) sin 2x + i sinh 2y
cos 2 x + cos 2 iy

cos 2x + cosh 2y
lr 2 sin A.cos B=sin (A + B) + sin (A - B)
1311-:1 2cos AcosB=cos (A +B)+cos (A - B}__
Q20:If tan (A +iB) = x + iy, prove that
2
tan 24 = sz = and tanh 2B = _2x 3
l-x"—vy l+x"+y
Sol:
tan (A4 +

iBy=x+iy:tan (A —iB)=x— iy
tan 24

tan (4 + iB + 4 — iB)

_ tan(A + iB)+ tan(A —1iB)
l-tan(A+iB)tan(A —iBE)

tan 24 _ iy +(x-iy) o

5 2x A 2x
1—(x+ay)(x—1y) 1—‘ x° +y‘j‘ ] Tein® —yz

tan 2iB =tan (4 +iB -4 +iB) = tan(A +iB) —tan(A —iB)

1+ tan(A +iB) tan( A —iB)

g g C D) (2y)i ?
_l+{x+fy}{x—:y} l+x2+3_,r-

tm]hlB:# .
1+ 2% 447

Q21: If sin (a +iB) = x + iy, prove that
X ‘fg x :;‘?
X b — = 1 p
@) cosh®B  sinh”p b)

BT D
sin o cos
Sol:

=1

cl
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Equating real and imaginary parts. we get
x = sin o cosh B. y = cos a sinh f

Gno=—>— and coso =—2
- i s = )
cozh sinh p
2 2
: : i X I
Squaring and adding, sin”® o + cos” o = AT
cosh® B sinh” B
2 2
X L
= ] TR 2
cosh™ B sinh”
. X _ !
(b) Again cosh p = — and sinhp= 4
sina cosa
7 2
2 . 12 X Y
cosh"p —sinh™" B = —5————=
sin" o cos o
2 2
X y
l=—">5""3
sin“a cos o

Q22: Separate log (x + iy) into its real and imaginary parts.

Sol: let
x = rcos B (1)
¥y = rsmn B .(2)

Squaring and adding (1) and (2) we have x* + % = 2
N+,

tan B = % = B=tan" I%]

=

Wel| have. [Dividing (2) by (1)]

log (x +iy) = log [r (cos B + i sin 6)]
= [log r + log (cos 6 + i s 8)]

log(x+iy)=logr+logfcosQna+08)+isin(2nmr+ 6)]

=logr+log d®" ™ O =logr+i@2nn+8)

Log (x + iy) = log 1(1‘1 : yl + itzkzrr—tfuflij
3
log (x+ &) =log 2+ +itant L
g ( y) 2 AXT+y i tan =

Q23:
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+1 1
Show that log . ‘I_y =21 tan’’ i
x—1iy X
Sol: ) _
Let log (x + #y) = log (r cos 8 + ir sin 8) = log r €
) ._.1' =rcos 9
=logr+i8 y=rsinb
log (x—1v) =logr—i8
x+1y . ) ) . )
log — =log(x+iy)—log(x—iy)=(logr+i8) —(logr—i8)=2i 6
x—iy .
g s B
= 117 tan e Proved.
Qz4:

Consider the ﬁmgﬁoﬂ-
f@Q=%&ty+il=x+4)

d
and discuss —{
Sol:
Here, fE)=dx+y+il=x+4d)=u+iv
u=4x+y and v=—x+4dy

flz+8z)=4(x+0x)+(v+dy)—i(x+dx)+4i( v+0v)
flz+82)— f(z) =Hx+8x)+(y+dv) —i(x+8x)+4i(y+0y) —dx— y+ix—4iy
= 4ax + &y —i dx + 4idy
f(z+82)—f(z) 48x+8y—i8x+4idy

& dx +idy
— &f _ 4dx+ 8y —ibx +4idy "
& By + idy VA =0

; Qx, y + By) " 3x, A
(a) Along real axis: If O is taken on the CHtpec-Bg; - +.8y)

i
horizontal line through P (x, y) and O then approaches ]
P along this line, we shall have 8y =0 and 6z = 6. :
o |
L. e S P(x. ¥) Q (x+8x, y)
& av 5 > X
(b) Along imaginary axis: If O is taken on the vertical line through P and then Q
approaches P along this line, we have
z=x+iy=0+1iy, 6z=1idp, dx=0.
Putting these values in (1), we have
&f _ dy+4idy
& by

:lu+4n:4—f
IS
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(¢) Along a line y = x : If Q is taken on a line y = x.
z=x+wv=x+ix=(1+ix
z={(1+1i)dx and &y =dx
On putting these values in (1), we have
Of dor+ox—idr+4idx  4+1-i+4i  5+3  (5+30)(1-i)

= £ [l
o ax +idx 1+i 1+i (1+i)(1—i)

In all the three different paths approaching Q from P. we get the same values of gf—z =4-1i.
In such a case, the function is said to be differentiable at the point z in the given region.

Q25:

1
Determine whether — is analytic or not?
=

Sol:

Lletw=f(E)=u+iv= =% ut+iv =

B | o=
-
|

-.'ﬁl

Equating real and imaginary parts, we get

b —y
H= 3 VS iz L3
X 4y X +y
du [ 53012 x2x = ou _ —xy
a.l’ (xl + I}"l ]2 [_1_1 i y2]2 2 av [Il i -},2 \]1 *
v 2xy v _ ¥y —x?
x (24 d (F+)7)
du ov ou av
: TR o= L e O
L x ¥y o

Thus C — R equations are satisfied. Also partial derivatives are continuous except at (0, 0).

1 . .
Therefore — 1is analytic everywhere except at z = 0.

=

dw 1
Also —F = s —

4y T 1
This again shows that —— exists everywhere except at z = 0. Hence — is analytic
everywhere except at =z = 0. Ans.
Q26:

Show that the function €' (cos y + i sin y) is an analytic function, find its derivative.
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Solution. Let & (cos y +isiny) =u + iv
du adv

So.&cosy=u and & smy=v then P e cos y, =e" cosy
du & % B o
—=—e"siny, —=e'siny
dv dx
= ) du dv du dv
ere we see tha —=—, — =
dx dy dy  dx

These are C — R equations and are satisfied and the partial derivatives are continuous.
Hence, ¢* (cos y + i sin y) is analytic.
du dv

fE)=u+tiv=¢&(cosy+ysiny)and —=e‘cosy, —=e'siny
T dx dx

]—ﬁh'a—l_e cos y+ie” sin e (cos y+isiny)=¢" &Y =" ="
3 Y= ¥
b y

Which is the required denvative.

Q27: Show that the real and imaginary parts of the function w = log z satisfy the
Cauchy-Riemann equations when z is not zero. Find its derivative.

Solution. To separate the real and imaginary parts of log z, we put x=rcos 8; y=rsin 9
w=log z = log (x + i)
= u+iv=log (r cos B + ir sin 8) = log r{cos 8 + i sin 6) = log_ re®

_ . Xy
= ]Dger+]ugeejﬁ :]ngr+iﬁzlﬂg\!‘x2+ly‘ +itan ]"— [
So u=logx* +y° —l]ng(x 4+ %), v=tan~ LY

*

On differentiating u, v, we get

ou 1 1 X
—=—— {2x) = - Syl |
ox 2x 4y XLy (@)
dv 1 1 x
a—: 3 [— ]: 3 3 (2}
y =iE) ey
X
du dv
F 1 d(2 - (A
rom (1) and (2), 5=5" @
Again differentiating u., v, we have
L1 —(2y) =—= . (3)

>

ay 2xt gy £y




Mathematical Physics - lll [Quick Revision Notes] https://alllabexperiments.com

dy Zx*+y° x“+y*
L. (_1]__ y @
a- T .1 1 — - 5 1 waw
x 1+}—1 X X Ey
P
From (3) and (4), we have
ou  dv
e = (R

Equations (A) and (B) are C — R equations and partial derivatives are continuous.
Hence, w = log z is an analytic function except

when ¥r+y=0=x=y=0=2x+iy=0= z=0
Now w=u-+tiy
d_w—ﬁ ,‘ﬁ— = e W X~y
dg\ @& @ xiyh Pyt Py
- x—iy I S
(x+ipMx—iy) x+iy =z
Which is the required denvative.
Q28: Discuss the analyticity of the function
f{z)==zz\
Sol:
(@) =zZ =(x+ip) (x—iy) =x -y =x"+)’
F(D=x"+)" =u+iv,
u=x+y,v=>0
. du . u(0+h, 0)—u(0,0) .. h*
At origin, 5 :].]_m ; — llﬂ P 0
a'_u o u(0.0+k)—u(0,0) i k- 23
ay k= k E=0 [
Also. ﬁ = lim & (0+5,0)v(0,0) =1
dy o0 h
ﬁ: lim vi(0,0+k)—v(0,0) _0
a:}: k=0 k
Thus, u_v M9
dx dv  dy ok
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Hence, C — R equations are satished at the onigin.

7@ =t LOLO_ iy 220

z i X+iy
Let z — 0 along the line y = mx, then
2 l_ z 1 z :
f’m] = lim M = lhim M =
=0 (x+imx) =0 1 4+im

Therefore. 7 (0) 1s unique. Hence the function f(z) is analytic at z = 0.

Q29: Examine the nature of the function:
Xy (x+iy)

He) = 4 o a0

x4y
f0)=0
in the region including the origin.
Sol: here ]
Xy (x+i
fz)=u+iv= & S o) '1: L ]{:'v} 3= AL
X Hy
Equating real and imaginary parts, we get
2y ) y®
e R T
x40 it
9
du w0+ A 0)—u(0.0)y . 5t 0
I hoo h noo B h—0 k
0
0 | 10
5 i 40, 0+5) 20,0 = lim &= jim 2=0
v k=0 k k=0 bk k—=ok
0
» ] p— | 4
Y i 0RO VOO By O
dx h—=0 h h—0 h h—0 h
0
dv Y —m 10
Y — lim "’“]"]J”L:' 0.0 _ i £ im L

a'__],’ k—0 k
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From the above results, it 1s clear that

Sy o g Ow . 0%
dx oy dy  ox
Hence, C-R equations are satished at the origin.
T BB
But  f(0) = lim LODSO_yy | XV D )1 (nerement = 2)
b = x—0 4 10 X + iv
: z >0l Ty X+
2y
= lm —-——__
3 3, 10
»:I-: X
Let z — 0 along the radius vector y = mx, then
m'x’ mx’ 0
0= lim ———=1lm ——=—=0 il
[ g 00 TP | YIS [ (1)
Again let = — 0 along the curve y° = x*
4
: ; 1
" = 1 & == R
= e 33 @)

(1) and (2) shows that ' (0) does not exist. Hence. f(z) is not analytic at origin although
Cauchy-Riemann equations are satisfied there. Ans.

Q30: Derive C-R equations in polar form

du 1 dv
ar r o8
du _ ov
E__r dr

Sol:

We know that x = r cos 6, and u 1s a function of x and y.
z=x+1iy =r{cos 6 +isin B) =re®
u+iv=f(z)=f(re®) .. (1)
Differentiating (1) part:la]_ly wrt., “r7, we get .
% + i% =f'(re'?).e" R
Differentiating (1) w.r.t. “6”, we get

— 4 i— =f"(rere’ az(3)
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Substituting the value of (re™ ¢ from (2) in (3), we obtain
v

a—HHﬁ—r ﬁ+J'—'
30 o0 o ] =

Equating real and imaginary parts, we get

o ov dv —1 du
=y — e e
o0 ar dr v o8
Ou _10v
or r 00

Q31:prove that if f (z) = u + iv is an analytic function, then u and v are both
harmonic functions.

Sol:
Let f (z) = u + iv, be an analytic function, then we have
du dv [
s (1)
? C—R equations.
R 9 @)
ay dx i
Differentiating (1) with respect to x, we get & == Ci
g K P E g E}_rz = axay
; 5 - R
Differentiating (2) w.rt. ‘v’ we have 3 = e

a?quazu 3 v B o7y
’ 9yl xdy dyox

Adding (3) and (4) we have

9 u +ﬁ—[} 2% B v
& dxdy  dyox
2 2
Similarly ‘;xf+§ ST
T+ 52

Therefore both u and v are harmonie functions.

- (3)

. (4)

Such functions u, v are called Conjugate harmonic functions if # + 7v is also analytic

function.
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Q32:
Prove that u=x>—y* and v= are harmonic fumctions of (x, v). but
x“+y°
are not harmonic conjugates.
Solution. We have, = x* =37 .
a_u:lt. R =i, ﬁ=—2y. a—u=—2
dx o’ dy v’
ok BH 5 5
dx~  dy”
u (x, v) satishies Laplace equation, hence u (x, y) 1s harmonic
¥y dv 2.1?_1?
V=g B (EaoIE
x +y X (x"4)7)
0%y (7 +37 ) (<2p) = (=20 2(x? + 37) 2
o ( ¥ +y2 ]4

_E+E2n 2904 | 6x7y-2y°

[IE +.”2 ]3 [IE_I_PE]S
v _ (x +y7)-1—y (2y) _ §E=y
¥y Py @y
v _ (X +y°) (20— )2+ y)2y) | (7 +y)(20) (" ¥ )(4y)
Ay’ (2 <yt (x> +y7)’

L (1)

2x"y—2y' —dx‘y+4y’ - L6x°y+2y
= W, o el 08 - (2)
(xT+37) 2, 3, +y7)
On adding (1) and (2). we get 2 + > =0
v (x, v) also satisfies Laplace equations, hence v (x, v) is also harmonic function.
du v ou dv
But e and —F
dx oy dy dx
Therefore u and v are not harmonic conjugates. Proved.

Q33:

. Prove that u = ¥° — V' — 2xy — 2x + 3y is harmonic. Find a fimction v such
that f (z) = u + iv is analytic. Also express [ (z) in terms of =.

Sol: we have,
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= x*—y —2y—2x + 3y

du 9%u
— = 2x—2y2 = —=12
Eh‘ * _}"I‘ a'_xz
2

. . = a—i‘:—z
dy dy

3*u  u

—4+—2 = 2-2=0

dx”  dy

Since Laplace equation is satished, therefore u 1s harmonic.

We know that,

dv = a—‘dx i.{J"y
dx dy
ou ou dv dut dv  ou
dv = P+ (1 '.'———— do=
T M e " ar}
Putting the values of% and % i (1), we get
dv = —(—2}4—21+3){ﬁ'+(21'—2y—2)dy
= v = [@y+2x-3)dc+[(-2p-2)dy+C (Ignoring 2x)
Hence, v = 211'+x:—3x—}?2v—2._}=_+c Ans,
Now, f@) = utiv
= @V -2o-x++i(Qy+2-3x—1* -2y +iC

= (F—yr2ixy)+(ixX*—--2x) -2 +3W)x—-i(2+ 3y +iC
= (F—y+2)+ti(P—y+2)—(2+3)x—i 2+ 3y +iC
= (x+iyPHEx+H)P-2+3) x+iy)+iC
= 2+i2-Q2+3D)z+iC
= (D=2 +ruzTic

Which 1s‘f}_u:requn'ed expression of f(z) in terms of z. A

Q34:
If w = ¢ + iy represents the complex potential for an electric field and

.2 2 X
l._lj__]‘__' _.F+ 4 i

_ X+
determine the function .
Sol:
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X
Solution. w=@+/y and 1;,!:Jr:2 = y2+ - -
X+

3 ¥+ ) 1-x-2 2 —x?
A PR L S T
dx ("3 Y (x"+y°)
x(2y 4

oy ==2y _% =—2y —a—ly”
dy (x"+y%) @ +y7)

We know that, do= —-tit-l-@ﬂ,’}’ = a—wdr—ﬂd}-'
2w By
{ b

—|2p-—22 g2+ L% |y
(T

dx+c

o=[|2y-

This is an exact differential equation.

¢:—2Ij"+ = Y 3 +C
x_+y

Which 1s the required function.

Q35:

If f(z) = u + iv is an analytic funetion of z = x + iy and
u—v=e*[(x—y)siny—(x +y)cos y]

Find f(z).

Sol: we know that
f&) =u+iv
if(z) =iu—v
F(z) =U+iV
U=u—v=e"[(x—y)smy—(x +y) cos y]

?TU =—e* [(x—y) siny—(x + ) cos y] + & [sin y —cos y]
x
U

dy

= e* [(x—y) cos y—siny —(x +)) (—sin y) —cos y]




Mathematical Physics - lll [Quick Revision Notes] https://alllabexperiments.com

We know that,
dv = a—de a—Va‘u_—a—de aUaf [C — R equations]
dx oy oy dx

=—¢g*[(x—y) cosy—siny + (x +y) siny—cos y| dx
—e[(x—y)siny—(x +)) cos y —sin y + cos y] dy
=—e*x {{(cosy+smy)dy—e*(—ycosy—siny +ysiny—cosy)dx
—e" [(x—y)siny— (x + y) cos y —sin y + cos y] dy
V=(cosy+smy)(xe*+e&")+e*(ycosy—smy+ysmy—cosy)+C
F(z)=U=+iV
Fiz)=e[(x—y)smy—(x+y)cosy]+tie*[xcosy+cosy+xsiny+siny
—yeosy—siny+ysiny—cosy| +iC
=eg*[{xsiny—ysiny—xcosy—ycosy} +ifxcosy+xsmy—ycosy+ ysmny}]+iC
=e"[(x+iy)smy—(x +iyv)ecosy +(—y +ix)smy+ (—y +ix)cosy] +iC
=e*[(x+iy)smy—(x+iy)eosy+i(x +iy)siny +i(x+1iy)cosy]+iC
=e*(x+iy)[siny—cosy+isiny+icosy]+iC
=e*(x+i1y)[l+)smy+i(l+cosy] +iC
l+DfE@=ex+i)(1+i)(siny+icosy)+iC
i —e"(r+rv)(m1v+tc05}}+£
g™ -|-£
=i (cos y —i sin ¥) T
iC

_Jve—re—ﬂ—r,—e—{x r)J_17F+1 Agis.
+i

Let ¢ (x,y) = —e* [(x—) siny = (x + ) cos y] + & [sinny  cos y]
¢, (2. 0) = —e*[zsin 0 — z cos 0] + &7 [sin 0 + cos 0]
=—eg*|z-1]

Let ¢,(x,y)=e"[(x—))cosy—siny+(x +y)siny—cosy]
$,(z.0) =e" [(z) cos 0 —sin 0 +z sin 0 — cos 0]

=e*[z-1]
F@=U+iV
on o dF al _B‘U__ : o
el 8_1'+ dx ox dy RS A
= E-D-ieG-D=1-De E-D=U-De -1
F(z)=(1—1)[ - _—]ﬂl}ﬂ? =(1-)[=ze-e]+C
(1+1jf(z)=(—1+f)(:-+1)g‘-‘+(j
TOE . _ -0 »
f@) = (z+he™ +C= A (z+D)e*+C
=i(z+1)e*+C

Q3e6:
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“Find amf;:'ﬁc function f(z) = u(r, ®) + iv (r, 8) such that
wr,0)= 2 cos20—rcos 8+2.
Sol: we have

v=r>cos20—rcosB+2 (1)
Dhfferentiating (1), we get
al" 2 .
—=—2r sin20+rsmno o f2
o @)
&:ersiﬂ—cmﬂ A
dr
Using C — R equations in polar coordinates, we get
du dv @ s .
r—=—=-2r"5in20+rsinB F 2
ES [From (2)]
du
= —=—2rsin26+sin B . (4
= 4)
1 du dv
———=—=2rcos20-cosB F 3
radf  or o ()
N oW sioliabnto (5)
—=-2r"cos FCos
- 20
By total differentiation formula
du= ?aﬁ‘ +%dﬂ' = (—2rsin20 +sin 0)dr + (=2r" cos 20+ rcos 0)d0
-

=—[(2rdr)sin 26 + r(2 cos2640)] +[sin 8- dr+r(cos840)]
= {(2rdr)sin 28 —sin 6dr| + [—1'12 cos28d8+rcosbd]
= —d(r~ sin28) +d(rsin 8) (Exact differential equation)

Integrating, we get
u=—r"sin20+rsin6+c
Hence, flz)=u+iv
= lf—r2 sin 28+ rsin E+C]+ff!‘2 cos28—rcosB+2)
=ir’(cos26 +isin20) —ir(cos 0+isin 8) + 2i +¢
e 278
This 1s the required analytic function.

—ire® +2i+c =i’ —re®)+2i+e

Q37:
If u=x"—v" find a car?l'c:.;';t;andmg analytic function.
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Solution. —=2x=0i(x, ¥), % ==2y=0:(x,y)
dx dy

On replacing x by z and v by 0, we have
f@ =] [4(.00~if(z.00d+C
= | Rz-i(0)dz +c = [2zdz+c=2" +C
This is the required analytic function.

Q38:
- Show that € (x cos y — y sin y) is a harmonic function. Find the analytic
function for which e (x cos y —y sin y) is imaginary part.

Solution. Here v=¢€ (x cos y—ysiny)

Differentiating partially w.rt. x and y, we have
v

- €' (xcosy—ysiny) +e' cosy= W, (x, y), (say) ..(1)
X
W _ . , :
B e (—xsin y—ycosy—siny) =V, (x, y) (say) ... (2)
‘.’,
az'l__:' X 8 £ X
—=¢" (xcosy—ysiny) +e cosy+e cosy
&x..
= ¢" (xcos y—ysiny+2cosy) o
v : :
and 57 =e" (—xcos y+ysin y—2cos y) - (4)
Adding equations (3) and (4). we have
v v , c .
: + : =0 = vis a harmonic function.
™ dy”
Now putting x =z, y =0 in (1) and (2), we get
W, (2,0) =z¢" + ¢ v, (z.0)=0

Hence by Milne-Thomson method, we have
7@ = (z 0 +iy, (2 0)] dz + C
= j[[l+i(z£: +e )] dz +C=i(ze" -+ )+ C=ize + C.

This is the required analytic function. Ans.

Q39:
&
. Evaluate ‘fﬁ - . where C is
C 9

0 |z+3)| =2 @jz]|=3
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1
Y. - -
z+9 X ] X
The poles of f(z) can be determined by equating the
denonunator equal to zero.
(i) -. Z2+9=0 = =
Pole at z = — 31 lies in the given circle C.
1 1 ¢ =3i
[f@d=] —d =] —— @&
- €220 € (z+30)(z2-30)
1 2
_j Z=31 2
C oz+3i L A0

= 2mi 1
z=3 z=—3i

i 1 _2mi_ = g
- ET T

(77} Both the poles z=3iand z =— 3i
lie inside the given contour

l . 1
Nde=[ —— & = ——— 4>
J-E.'f( J-c.' 2y .'-:' (z+3i) (z—3i) i 3
X
1 1
roL 23 ro=z+3i
[ z=3 g z+3 g
Jo Zra E * le, 3
=2 i 1 +2mi 3
z=3 |, _ s -
1
— 7] ——— |+ 2mi _I - =
—3i—3i 3i+31
Q40:
dz : ) )
Prove that L_ —— =2ni, where Cis thecitrcle | z—a | =r
z—a
Solution. We have, AR S g
- , where C is the circle with centre (a, 0) and radius »
Ay
Proved.

Q41: Use Cauchy’s integral formula to calculate
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2z41
J ——d=z where Crs[;.[—
€z +4.
Solution. Poles are given by
Z4z=(
— (z+1)=0 = z=0,-1

| z| == is a circle with centre at origin and radius %

Thereforc it encloses only one pole z=0.
2z +1

‘[ 241 dz:-[ z+1 s 2z — o
cz(z+1) G = zH1M o

Q42:
E:

Evaluate: dz where Cis th le|z| =2 Cauchys
valuate _l-(_ P BT where C is the cirele | z | by using Cauchy
Integral Formula.

Sol: we have,

I 2 dz where C is the circle with centre at origin and radius 2,

€ (z=1 (z—
Poles are given by putting the denominator equal to zero.
(z—1)z—4)=0
= z = 1.4
Here there are two simple poles at z=1 and z = 4.
There 15 only one pole at z =1 inside the contour. Therefore

.

€

[ ¢ = Y poomi| &
¢ (z=1) (z—4) (z—1) z—4| _

_ i e :_Eme
1-4 3

Which is the required value of the given integral.

Q43:
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3iz
daz

Evaluate J 3
e (z+m)
where C is the circle |z —n| = 3.2
Tt L Et T
3k
- e

Solution. Here, [ :J &

C(z+m)
Where Cis a circle {| z—m|=3.2} with centre ( m, 0) and radius 3.2.

Poles are determined by putting the denominator equal to zero.
(F+my =0 = =T

There 1s a pole at z — 7 of order 3. But there is no pole within C.
3iz
By Cauchy Integral Formula J _ <

T dz=0
¢ (z+m)

Q44: Evaluate using Cauchy’s integral formula
J e & w}zs}?‘efm:—l[:l.
( 2

~

(z—1)
Sol: Using Cauchy’s Integral formula,

r log:z 1
| B2 s C:lz—1z—
C(z—1) 2
Poles are determined by putting denominater equal to zero.
z-1P=0 = =z=1.1,1

There 1s one pole of order three at z = 1 which 1s mside the circle C.
Vi

¥y
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S dz = 2mif* (a)

=21 d: logz :Zl't.f[i ] }
._dE_ 2=} dz\z z=1

(1
= 2T ——] =-2mi
2=}

Q45:

]
. Find the residue atz = 0 of = cos—.

A

1
Solution. Expanding the function in powers of —, we have
Z

o | | 1
;.CI]S; = 2{1—2!:2 +4| :4—.....]—._.—54'@—“..“

This is the Laurent’s expansion about z = 0.
1 1
The coefhicient of — in it 15 ~5 So the residue of z cos % atz =0 1s —%.

Q4e6:

Find the residue of f(z)= ; at z = oo

-

&

3

-

Solution. We have, f(2) =

5
-

5 —1
@Y NWSEP1 Y 1, il
f(—} _ﬂ—d[l—z—z] —.:,(1+;+Z—4+.....]:_.+;+E—3+.....

Residue at infinity = —(C{!E.‘ff. of %]:— 1.

£

Q47: Determine the pole and residue at the pole of the function

1@ ==
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Solution. The poles of ﬁ:‘,) are given b}r putting the denominator equal to zero.
r=—1=0 = z=1
T]:le function f{z) has a smlp]c pole at z= 1.
Residue is calculated by the formula
Residue = lim (z —a) f(z)

I—*0

Residue of f(z) (at z = 1) :],i“} (z=1) [ ,_.2_1 }: lim (z) =1

—l

Hence, f (z) has a simple pole at z =1 and residue at the pole 1s 1.

Q48: Find the residue of a function

-

fz) = = at its double pole.
(z+1) (z-2)

Solution. We have, flz) =

2

—_

(z+ 1) {z22)
Poles are determined by putting denominator equal to zero.
ie.: (z+1PE=2)=0
=5 z=-1.-1 and z=2

The function has a double pole at z =—1

Residue at (z =-1) = lim 1 4 {[: +1)° : i_ H

21 (2—1)!| dz z+1)"(z=2)
:_[i[ z* ]] _[{z—E]E:—zl-lﬁ' _[:1— z] _[—1}1—4[—1]
dlz=2 )] Ry \\ P T 2] =2
Residuc at (z=—1) = ﬂ 3
Q49:
Find the residue of = at a pole of order 4.

(z-D*(z-2)(z-3)
Solution. The poles of f(z) are determined by putting the denominator equal to zero.
: (" 1)"'(;—2)@—3) 0 =5 gl I
z=11s a pole of order 4.
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a

(Z)= - (1
! (z-1)*(z-2)(z-3) &
Putting z—1=f or z=141¢ in (1), we get

1+1) 1 _ %
= =— (437 +3+1) (1 b
f+1) oD P (£ +367 +3t+1)(1—1) h[ 2]

1If., 3 3.0 ) 3 t £ 0
= ARE Ty (I+i4+1 41 +.)X 1+5+?+Em

2 il
1 3 3 15 (1 9 211 151
= s o A e 1+ rs _; L2 = ——+—— ...
2 ;3 11 8 20t 2t 471 '8¢
- 1(1 E 21 _) Res f(a) =coeth ::!1"l
2 4 ; B e
15
Coefhicient nf —= 9 21 ZE,
16
101
Hence, the residue of the given function at a pole of order 4 1s 1"

Q50: Determine the polesvof the function and residue at the poles.

f@=

sin z

Solution. f(z) =

SN Z

Poles are determined by putting smz=0=sinnt = z=nx

Residue=( u ]
COSz ) ..

HTT HTT

cos nm ()"

Hence, the residue of the given function at pole z = nir 1s b
{_

Q51:

Find the residue of f (z) =

- at its pole.
z—a
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Solution. The pole of f (z) is given by (2 —a)y' =0 je,z=a
Here z=a 1s a pole of order 3.
Putting =z — a = t where ¢ is small.

-. f a+ 3 e
flz)= B ::}f(u}_—[a+]e = 53+L1 Tap %+1—1 i (z=a+1)
(--—a] £ 8 i @

La 1 ¥ o goa. w1 1 1

=€ =ttt P v e o s s e
R i 2! P e 1 2

al 1
= e| =4 =+1 +[a+1]—+(a]—+ ]

[3 (2 J r £

Coefficient of £=£” (%+1]

I
Hence the residue at z=a is &” [§+1).

Q52: Using Residue theorem, evaluate
,[ e'dz
2 9C (22 +2242)
where Cis thecirlce | z| =3
Solution. Here, we have
1 j' e 'dz
2T C 22 (2 +22+2)
Poles are giw:n by
=0 (dnuble pole)
=—1=%1 (almple pﬂlea}

All the four pol&s are inside the gﬂen circle.
i §
Residue at z = l}l-:. hm i::j —_E
z (z +2z+2)
e 4
- lim 4 ¢

50 A2 22 192479

m+2z2+2) te — (22 +2)e”

= lim 5 %
Z=3U (z7+2z+2)
21’ =2¢" (-1

4 2
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Residueat z =—1+1

, (z+1-i) e’ : e’
= lm — = Im —————
=l 2Tzl =) (z+1+d) =l 7 (z+1+0)
- e{_] +ir e{_] +i)t E{—1+f']u*

T 140 (Cleitlen (-2-D@2D 4

2 2y
J 5 £ dz=2ni (Sum of the Residues)
z° (27 +2z+42)
1 EZ:r f—l {___{—1 +i)i E{—i—r’}r
dz = + +
= T 2° (2" +22+2) E 4 4
=¥ . . = |
o ) SO SN SR T e P (2cos 1)
2 4 2
=1, &
=+ — t
2 Cos
Q53: Evaluate the integral:
jlﬁ d0
0 5—-3cosB
a7 do pda do

Solutlan. |, (65 50 . 0 [’Eéu+g—au]
ey | i s —

c 3 iz

[C is the unit circle | z | = 1]

__lj &
i €322 10z+3

_ 1 J dz :fj dz
i '€ (3z-1)(z-3) C(3z-1)(z-3)
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Let I —j &
e (3z=1) (z=3)

Poles of the integrand are given by

(3z-1)(z-3)=0 =% FEoaa

1
3:

1
There 1s only one pole at z = 3 mnside the umt circle C.

__l]
Residue at (: :l] = lim (:—l]f{z] = lim [ 3 = lim :
3 3 z—sikag =1)(z—3) reai. ahE D)
3 3

I 1

)
3
Hence, by Cauchy’s Residue Theorem
of /1
I = 2mi (Sum of the residues within Contour) = 27 [—g ] =

J-Z'.IT a8 i —Ti _E
U 5—3cosH 4 4

Q54: Use the complex variable technique to find the value of the integral :

e2x /.40
J“ 24cosB
= 0 In de F2% 246
Solution. Let [ = T _ = _
'[’ 2+cos@ L‘ 2+£’& +e ™ J“ 4+¢° 4™
2
Put € =z so that €°(idB)=dz = izdB =& = d0 :i
iz
I= L#l where ¢ denotes the unit circle | z | = 1.
44z4+—
52, lj Ed:
ide 2 +4z41
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The poles are given by putting the denominator equal to zero.

- —4£,16—-4 4423
Z+dz+1=00r z = == J_:—Zi-u’ri
2 2
The pole within the umt cucle € i1s a simple pole at = =—2++3. Now we calculate the
residue at lﬁs pole.

; 1 z+2— 2
Residue at (z=—2+-,ﬁ] = lm_ - ek \E:I
=2 T (242—4f3) (z+2++/3)
B Ri— S—
24 j(z42443)  i(=244342443) i

Hence by Cauchy’s Residue Theorem, we have

In dﬂ = S Fe
J ——— =2 (sum of the residues within the contour)
o 2+cosH
yxis | 2n
= ] — = —
NERIRNE
Q55:
Evaluate J-m mf MY dx
O {x+1)
= COs X
Solution. '
olution L. =
Consider the integral J-r_“ f(z)dz , where
&=

i taken round the closed contour ¢ consisting of the upper half of a large circle
7+
| z | = R and the real axis from — R to R.

Y

Poles of f (z) are given by

Z+1 =0ieF=-liez=4H Cn
The only pole which lies within the contour is at z = i. ¢
The residue of fiz) at z = i «

o ime iz = -R O +R
= ]jm_¢:ﬁm_ £ _=f
=¥ [;:' o }] == Z+7 2i

Hence by Cauchy’s residue theorem. we have

jc,f[ﬂ dz = 21 % sum of the residues

inc —m

imx
€ o R € _
= .fr:' ——dz = 2T X — = J_R ——dx=me "
== 41 20 x +1
Equating real parts, we have
— ¥
“% COS X % COS X e
I ——dx=me " = [ — gy =
I e | Joo x 41 2
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Q56: Using the complex variable techniques, evaluate the integral

oo 1
dx

= x* 41
Solotion. |~ —— dx
olution.

e |
_ +. l

Consider Jf_f (z)dz , where f(z) =

z7 41

taken around the closed contour consisting of real axis and upper half C,, i.e. | 2| =R.

Poles of f(z) are given by

FAHl=0iezt=-1= (COsTT+isin )

= z* = [cos (2n+1) m+isin(2 n+1) 7]
1

7 =[cos(2n+1)T+isin 2n+1) ]* :[casmnm; Vs (2n+nﬂ

T T
It n=0, z;=|cos—+isin— |=
4
Y\ A\ . - Fi Y
n=1 -~ zm=|cos—+ isin—
' i 4 4}J
( 5¢; 51 )
n:l :3: Cos— + iIsIn—
\ 4 J
(T T
n=3, zz=|cos— +isin—
L 4 4 )
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There are four poles, but only two poles at z, and z, lie within the contour.

i 1
’ e b= M _ 1 1
Residue | 54 ; —.4 5| 4 Pars) = i P R
d i P iz T
' 4 /- ; 4] & de
Am
s Ix| 2 1 1
=——e *=—|cos——isin—|=—|—-———i—
4 4 4| 4| 2 >
din
e 1 1 1 1
Residue |atz=e % |= =2 % . -
i '4+1} 3im {4‘-'-"]d=E ."E —
o\ & gt S | 4e #

N 1 o .. 9m) 115 01
= == e — — I8l =il — ==
4 4 4 =1 Al 42 i

Jc f(z)dz =2Wi (sum of residues at poles within ¢)

JR flz)dz + J f(z)dz =27i (sum of the residues)
R o8

21 : I !
J T J . —3— & =27 (sum of the residues)
= %+ “r z54]

- 1 1
Now, dz | = d=
E}Vr. ‘ "(-R _:4+1 ‘ 'L--R |:_1+1| | |
= . —41 \dz|  [Since z =Re", |dz| =|R e id 6] =Rd 8]
e (|2°]-1)

e man et j“dﬂ
(1]

S0 R R~
Rn n/R
< = which — 0
R'-1 1-1/R
as R — oo
E 1 ; s
Hence, JR 2 1-:1'1: =21i (Sum of the residues within contour)
=

As R— e
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o0 I
Hence, J oy dy=2mi (Sum of the residues within contour)
=8, x4

| el i s |
T 1 1 1 1 mwi| . 2 s
T[‘ﬁ‘*ﬁ*ﬁ"ﬁ]z?[“ﬁlzﬁ

Q57: Use the residue theorem to show that

}' da 2na
Y (a+bcos8)’ [az .
i ix d0
Solution. J“ —h— R . L
{a+bcosh) [ L +P—au]
ath———
2
; T . a
Put e°=:z sothat e (idO)=dz = izdb=dz=d0=—
iz
}- d‘.—. . i .
- J-: 5 where ¢ is the unit cirele |z] = 1.
b
{ﬂ—k—(:-i—l]}
| z
.J' ! dz J‘ —4iz dz
i =z - 2:.
53] AT
e { _4:""&;" _'4’--'- ZA1Z
(bz> +2a+b)Y b° “( , 22 Y
z°+ +1

The poles are given by putting the denominator equal to zero.

7
2
Lé.. ( +—ﬂ'+1] =1{
b
0

= (z—) (z—B)* =
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=

2a A=

.. 4
b B2 —a+va® — b’
where = 5 - -

_2a_|4a”
b b2 —a—~a® —b’

B= 2 B b
There are two poles, at z = o and at z = B. each of order 2.
Since |oB|=1 or |a| |[B|=1 if || <1 then |B|>1.
There is only one pole [| a | < 1] of order 2 within the unit circle ¢.
¥ . d 2 (—4iz)
Resid t the doubl le z=a)=lim— (z—a) -
sidue (at the double pole Lo 5 P (=)
e Dl
ise gz b (z—P)
:_4_: lim (:—B]‘.I—Ei:—ﬁ]: » —-ft.l lim H—ﬁ—%::—-:h —[z+|3:]
5o z=va [:_B] he =—sa [:_ﬁ.}:' b= =z—a [E—ﬁ]J
—2a
4i (a+p) 4 a+ 8 4 h
B (a—BF B : R 2 2
(@—p) [(a+3) —4a 3]7 _z_ﬁ} 4Dz
4 |
B —8ai B ai
- 2T 3
(4a” —4b™)? (@ —b")2
2 do —ai 2
Hence, Ljﬂ—jzz‘m’x_ ] a: YE 2 m:: 32
= (a+bcosB)” (a -6y~ (@-b5Y)"

Q58: Using complex variable techniques evaluate the real integral

sz _ sin’ 8 46
" 5—4ecozB
Solution. If we write - = &%

4

msﬁ:l I—J—l ! Siﬂﬂ':i_ L_l A dB:—:
¥ Z 2i z ir
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i sint @ 1 ;2= 1—cos20
d . I=| ———d8=—| ———db
s V5 eoss =5 5—tcost
]l —cos20— 26 where ¢ is a circle of unit
I =Real part of — j = Lo a9 , )
5—4cos0 radius with centre z =0

L 1_gk®

= Real part of — .[U m

L

1=2z" dz 1-z

= Real part of j—[—) Realpartﬂf—j‘,—zdz

2% o +_J 522272
zz—l

= Real part of — —.—:fz
P mL 222 5742

]

Poles are determuned by 222 -5242=0 or (2z—1)(z—=2) =0 or

b3 | —

s . : |
So inside the contour ¢ there is a simple pole at z= o
z

1 I X 1 ] —1
: { == | Fim——
Residue at the simple pole [ 3 ll’q( > J[_Zz—lfl(z—rl

T—
X
1

A N A

= Im = _l
_-_1_2(2—2] 5 l_z 4
3

1= Rcalpaﬂof o ¥d_—-:—rzm (sum of the residues)
€27 -5z+2 2i

sin” @ 1 b
= J-u do=m| — |=—
S—dcosB 4 4




